
TOPIC: SUBSTITUTION FOR INDEFINITE INTEGRALS
Indefinite Integrals

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule:

 To evaluate integrals with composite functions, use substitution.▶ 

Recall

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

New Substitution

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 
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If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  
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∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 
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= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 
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Recall 

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 
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∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

EXAMPLE Evaluate the integral by making a substitution.EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

HOW TO: Evaluate Indefinite

 
 

EXAMPLE If 𝑦𝑦 = 𝑥𝑥3 and 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 2, find 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑  when 𝑥𝑥 = 4. 

   

    Implicit Diff.      Related Rates Recall New 

 
Intro to Related Rates 

◆ When 2+ related variables are changing w/ time, we use ______-derivatives to see how one affects another.   

● To take the time derivative of EVERY term, use implicit differentiation.  

 

 

   
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Take  
       on both sides using implicit diff. 

2) Isolate the target rate of change 

3) Plug in known values/rates & solve 

  

HOW TO: Solve Related Rates 𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3) 

2𝑦𝑦 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 + 5 = 3𝑥𝑥2 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅   

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 3𝑥𝑥2 − 5

2𝑦𝑦  

𝑦𝑦 = 𝑥𝑥3 
 

 
 

EXAMPLE 
As an ice cube melts, each side changes at −3 cm

min. Find the 

rate of change of the ice cube’s volume when each side is 
0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  

● For “real world” problems, we need to determine what shapes are formed & how they change over time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 

     
      

     
      

 
 

EXAMPLE 
As an ice cube melts, each side changes at −3 cm
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rate of change of the ice cube’s volume when each side is 
0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  
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1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 

     
      

     
      

Integral with Substitution

If needed: Mult. by ______ & ______

EXAMPLE Locate the local extrema of the function 𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4.  

 
The First Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the derivative tells us whether a function is increasing (𝑓𝑓′ is +) or decreasing (𝑓𝑓′ is −). 

● Local extrema occur where the sign of the derivative 𝑓𝑓′ ____________. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 

BIZ REG 

First Derivative Test: 

Suppose 𝑐𝑐 is a critical point of a continuous function 𝑓𝑓. If at 𝑐𝑐, 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ does _____ change sign,   𝑓𝑓  has ____ local extrema    at 𝑐𝑐. 

 

1) Find critical points: 

 

2) Make sign chart intervals based  

    on critical points 

3) Plug value from each int. into 𝑓𝑓′ 
 
 
 
 
 

4) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

HOW TO: Find Local Extrema 
Using First Derivative Test 

If 𝑓𝑓′ changes from: 

   + → −, crit. pt. is local MAX 
 
   − →  +, crit. pt. is local MIN  

𝑓𝑓’ሺ𝑥𝑥ሻ = 0 or  𝑓𝑓′ሺ𝑥𝑥ሻ DNE 

𝒙𝒙 

𝑓𝑓’ሺ𝑥𝑥ሻ = 3𝑥𝑥2 − 6𝑥𝑥 

           = 3𝑥𝑥ሺ𝑥𝑥 − 2ሻ 

Choose                 (inside fcn), then

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

find                        

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  
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∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

Rewrite int. only in terms of 

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  
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Integrate with respect to 
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▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 
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∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

Replace     with

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 



EXAMPLE Use substitution to evaluate the given integral. Check your answer by differentiating.

TOPIC: SUBSTITUTION 
  
  

 

       EXAMPLE Use substitution to evaluate the given integral. Check your answer by differentiating. 

∫(2𝑥𝑥3 + 𝑥𝑥 + 7)5 (6𝑥𝑥2 + 1) 𝑑𝑑𝑥𝑥  
 

 

       EXAMPLE Evaluate the indefinite integral. 

∫ cos 𝑡𝑡 ∙ sin99 𝑡𝑡  𝑑𝑑𝑡𝑡  
 

EXAMPLE Evaluate the indefinite integral.

TOPIC: SUBSTITUTION FOR INDEFINITE INTEGRALS

HOW TO: Evaluate Indefinite

 
 

EXAMPLE If 𝑦𝑦 = 𝑥𝑥3 and 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 2, find 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑  when 𝑥𝑥 = 4. 

   

    Implicit Diff.      Related Rates Recall New 

 
Intro to Related Rates 

◆ When 2+ related variables are changing w/ time, we use ______-derivatives to see how one affects another.   

● To take the time derivative of EVERY term, use implicit differentiation.  

 

 

   
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Take  
       on both sides using implicit diff. 

2) Isolate the target rate of change 

3) Plug in known values/rates & solve 

  

HOW TO: Solve Related Rates 𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3) 

2𝑦𝑦 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 + 5 = 3𝑥𝑥2 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅   

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 3𝑥𝑥2 − 5

2𝑦𝑦  

𝑦𝑦 = 𝑥𝑥3 
 

 
 

EXAMPLE 
As an ice cube melts, each side changes at −3 cm

min. Find the 

rate of change of the ice cube’s volume when each side is 
0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  

● For “real world” problems, we need to determine what shapes are formed & how they change over time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 

     
      

     
      

 
 

EXAMPLE 
As an ice cube melts, each side changes at −3 cm

min. Find the 

rate of change of the ice cube’s volume when each side is 
0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  

● For “real world” problems, we need to determine what shapes are formed & how they change over time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 

     
      

     
      

Integral with Substitution

If needed: Mult. by constant & reciprocal

EXAMPLE Locate the local extrema of the function 𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4.  

 
The First Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the derivative tells us whether a function is increasing (𝑓𝑓′ is +) or decreasing (𝑓𝑓′ is −). 

● Local extrema occur where the sign of the derivative 𝑓𝑓′ ____________. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 

BIZ REG 

First Derivative Test: 

Suppose 𝑐𝑐 is a critical point of a continuous function 𝑓𝑓. If at 𝑐𝑐, 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ does _____ change sign,   𝑓𝑓  has ____ local extrema    at 𝑐𝑐. 

 

1) Find critical points: 

 

2) Make sign chart intervals based  

    on critical points 

3) Plug value from each int. into 𝑓𝑓′ 
 
 
 
 
 

4) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

HOW TO: Find Local Extrema 
Using First Derivative Test 

If 𝑓𝑓′ changes from: 

   + → −, crit. pt. is local MAX 
 
   − →  +, crit. pt. is local MIN  

𝑓𝑓’ሺ𝑥𝑥ሻ = 0 or  𝑓𝑓′ሺ𝑥𝑥ሻ DNE 

𝒙𝒙 

𝑓𝑓’ሺ𝑥𝑥ሻ = 3𝑥𝑥2 − 6𝑥𝑥 

           = 3𝑥𝑥ሺ𝑥𝑥 − 2ሻ 

Choose                 (inside fcn), then

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

find                        

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

Rewrite int. only in terms of 

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

Integrate with respect to 

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

Replace     with

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

TOPIC: SUBSTITUTION FOR INDEFINITE INTEGRALS 
  
  

 

       EXAMPLE Use substitution to evaluate the given integral. Check your answer by differentiating. 

∫(2𝑥𝑥3 + 𝑥𝑥 + 7)5 (6𝑥𝑥2 + 1) 𝑑𝑑𝑥𝑥  
 

 

       EXAMPLE Evaluate the indefinite integral. 

∫ 𝑥𝑥2𝑒𝑒𝑥𝑥3 𝑑𝑑𝑥𝑥  
 



PRACTICE Evaluate the indefinite integral.Relevant Letters 
 
(𝑨𝑨)   (𝑩𝑩)    
 
(𝑪𝑪)   (𝑫𝑫)     
 
(𝑬𝑬)   (𝑭𝑭)  
 
 
Topic 2 Page 9 – 10, 12 – 13 
 
[0,5]  
 
[0,6]  
 
[0,3]  
 
[1,5]  
 
[4,10]  
 
[0, 4]  
 
 
Topic 3 Page 2 
 
[0,10]  
 
 
Topic 5 Page 2, 3, 4 
 
[2,5]  
 
[4,9]  
 
[0,1]  
 
[2, 4]   

Relevant Letters 
 
(𝑨𝑨)   (𝑩𝑩)    
 
(𝑪𝑪)   (𝑫𝑫)     
 
(𝑬𝑬)   (𝑭𝑭)  
 
 
Topic 2 Page 9 – 10, 12 – 13 
 
[0,5]  
 
[0,6]  
 
[0,3]  
 
[1,5]  
 
[4,10]  
 
[0, 4]  
 
 
Topic 3 Page 2 
 
[0,10]  
 
 
Topic 5 Page 2, 3, 4 
 
[2,5]  
 
[4,9]  
 
[0,1]  
 
[2, 4]   

Relevant Letters 
 
(𝑨𝑨)   (𝑩𝑩)    
 
(𝑪𝑪)   (𝑫𝑫)     
 
(𝑬𝑬)   (𝑭𝑭)  
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TOPIC: SUBSTITUTION 
  
  

 

       PRACTICE Evaluate the indefinite integral. 

∫ 1
(3𝑥𝑥 + 2)5  𝑑𝑑𝑥𝑥  

 

∫ 3𝑡𝑡√𝑡𝑡2 + 7 𝑑𝑑𝑡𝑡  
 

∫ 𝜃𝜃 ∙ sec2(5𝜃𝜃2 + 1)  𝑑𝑑𝜃𝜃  
 

∫ cos5 𝑥𝑥 sin3 𝑥𝑥  𝑑𝑑𝑥𝑥  

(𝑨𝑨) 

(𝑩𝑩) 

(𝑪𝑪) 

(𝑫𝑫)  

Hint: 𝑠𝑠𝑠𝑠𝑠𝑠2 𝑥𝑥 = 1 − 𝑐𝑐𝑐𝑐𝑠𝑠2 𝑥𝑥 

TOPIC: SUBSTITUTION 
  
  

 

       PRACTICE Evaluate the indefinite integral. 

∫ 1
(3𝑥𝑥 + 2)5  𝑑𝑑𝑥𝑥  

 

∫ 3𝑡𝑡√𝑡𝑡2 + 7 𝑑𝑑𝑡𝑡  
 

∫ 𝜃𝜃 ∙ sec2(5𝜃𝜃2 + 1)  𝑑𝑑𝜃𝜃  
 

∫ cos5 𝑥𝑥 sin3 𝑥𝑥  𝑑𝑑𝑥𝑥  

(𝑨𝑨) 

(𝑩𝑩) 

(𝑪𝑪) 

(𝑫𝑫)  

Hint: 𝑠𝑠𝑠𝑠𝑠𝑠2 𝑥𝑥 = 1 − 𝑐𝑐𝑐𝑐𝑠𝑠2 𝑥𝑥 

TOPIC: SUBSTITUTION FOR INDEFINITE INTEGRALS 
  
  

 

       PRACTICE Evaluate the indefinite integral. 

∫ 1
(3𝑥𝑥 + 2)5  𝑑𝑑𝑥𝑥  

 

∫ 3𝑡𝑡√𝑡𝑡2 + 7 𝑑𝑑𝑡𝑡  
 

(𝑨𝑨) 

(𝑩𝑩) 

(𝑪𝑪) 

∫ 1
2𝑥𝑥 + 5  𝑑𝑑𝑥𝑥  

 

TOPIC: SUBSTITUTION FOR INDEFINITE INTEGRALS

HOW TO: Evaluate Indefinite

 
 

EXAMPLE If 𝑦𝑦 = 𝑥𝑥3 and 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 2, find 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑  when 𝑥𝑥 = 4. 

   

    Implicit Diff.      Related Rates Recall New 

 
Intro to Related Rates 

◆ When 2+ related variables are changing w/ time, we use ______-derivatives to see how one affects another.   

● To take the time derivative of EVERY term, use implicit differentiation.  

 

 

   
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Take  
       on both sides using implicit diff. 

2) Isolate the target rate of change 

3) Plug in known values/rates & solve 

  

HOW TO: Solve Related Rates 𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3) 

2𝑦𝑦 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 + 5 = 3𝑥𝑥2 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅   

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 3𝑥𝑥2 − 5

2𝑦𝑦  

𝑦𝑦 = 𝑥𝑥3 
 

 
 

EXAMPLE 
As an ice cube melts, each side changes at −3 cm

min. Find the 

rate of change of the ice cube’s volume when each side is 
0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  

● For “real world” problems, we need to determine what shapes are formed & how they change over time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 

     
      

     
      

 
 

EXAMPLE 
As an ice cube melts, each side changes at −3 cm

min. Find the 

rate of change of the ice cube’s volume when each side is 
0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  

● For “real world” problems, we need to determine what shapes are formed & how they change over time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 

     
      

     
      

Integral with Substitution

If needed: Mult. by constant & reciprocal

EXAMPLE Locate the local extrema of the function 𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4.  

 
The First Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the derivative tells us whether a function is increasing (𝑓𝑓′ is +) or decreasing (𝑓𝑓′ is −). 

● Local extrema occur where the sign of the derivative 𝑓𝑓′ ____________. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 

BIZ REG 

First Derivative Test: 

Suppose 𝑐𝑐 is a critical point of a continuous function 𝑓𝑓. If at 𝑐𝑐, 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ does _____ change sign,   𝑓𝑓  has ____ local extrema    at 𝑐𝑐. 

 

1) Find critical points: 

 

2) Make sign chart intervals based  

    on critical points 

3) Plug value from each int. into 𝑓𝑓′ 
 
 
 
 
 

4) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

HOW TO: Find Local Extrema 
Using First Derivative Test 

If 𝑓𝑓′ changes from: 

   + → −, crit. pt. is local MAX 
 
   − →  +, crit. pt. is local MIN  

𝑓𝑓’ሺ𝑥𝑥ሻ = 0 or  𝑓𝑓′ሺ𝑥𝑥ሻ DNE 

𝒙𝒙 

𝑓𝑓’ሺ𝑥𝑥ሻ = 3𝑥𝑥2 − 6𝑥𝑥 

           = 3𝑥𝑥ሺ𝑥𝑥 − 2ሻ 

Choose                 (inside fcn), then

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

find                        

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

Rewrite int. only in terms of 

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

Integrate with respect to 

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

Replace     with

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 



TOPIC: SUBSTITUTION FOR INDEFINITE INTEGRALS
Substitution with an Extra Variable

◆ Recall: If       is missing a constant multiple, multiply by that constant & its reciprocal to make substitution work.

 If the integrand has an "extra   ", rearrange                 to get ___ in terms of ___ & replace in integral.▶ 

EXAMPLE Evaluate the integral by making a substitution. HOW TO: Evaluate Indefinite

 
 

EXAMPLE If 𝑦𝑦 = 𝑥𝑥3 and 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 2, find 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑  when 𝑥𝑥 = 4. 

   

    Implicit Diff.      Related Rates Recall New 

 
Intro to Related Rates 

◆ When 2+ related variables are changing w/ time, we use ______-derivatives to see how one affects another.   

● To take the time derivative of EVERY term, use implicit differentiation.  

 

 

   
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Take  
       on both sides using implicit diff. 

2) Isolate the target rate of change 

3) Plug in known values/rates & solve 

  

HOW TO: Solve Related Rates 𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3) 

2𝑦𝑦 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 + 5 = 3𝑥𝑥2 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅   

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 3𝑥𝑥2 − 5

2𝑦𝑦  

𝑦𝑦 = 𝑥𝑥3 
 

 
 

EXAMPLE 
As an ice cube melts, each side changes at −3 cm

min. Find the 

rate of change of the ice cube’s volume when each side is 
0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  

● For “real world” problems, we need to determine what shapes are formed & how they change over time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 
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1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 

     
      

     
      

Integral with Substitution

EXAMPLE Locate the local extrema of the function 𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4.  

 
The First Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the derivative tells us whether a function is increasing (𝑓𝑓′ is +) or decreasing (𝑓𝑓′ is −). 

● Local extrema occur where the sign of the derivative 𝑓𝑓′ ____________. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 

BIZ REG 

First Derivative Test: 

Suppose 𝑐𝑐 is a critical point of a continuous function 𝑓𝑓. If at 𝑐𝑐, 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ does _____ change sign,   𝑓𝑓  has ____ local extrema    at 𝑐𝑐. 

 

1) Find critical points: 
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TOPIC: SUBSTITUTION 
  
  

 

       PRACTICE Evaluate the indefinite integral. 

∫ 𝑥𝑥(5 + 𝑥𝑥)79𝑑𝑑𝑥𝑥  
 

∫ 𝑡𝑡
√𝑡𝑡 − 2

𝑑𝑑𝑡𝑡  
 

∫ sin 𝜃𝜃 (1 + sin 𝜃𝜃)84 cos 𝜃𝜃 𝑑𝑑𝜃𝜃  
 

∫ 𝑥𝑥
(𝑥𝑥 − 6)5 𝑑𝑑𝑥𝑥  

 

(𝑨𝑨) 

(𝑩𝑩) 

(𝑪𝑪) 

(𝑫𝑫)  

TOPIC: SUBSTITUTION FOR INDEFINITE INTEGRALS

HOW TO: Evaluate Indefinite

 
 

EXAMPLE If 𝑦𝑦 = 𝑥𝑥3 and 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 2, find 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑  when 𝑥𝑥 = 4. 

   

    Implicit Diff.      Related Rates Recall New 

 
Intro to Related Rates 

◆ When 2+ related variables are changing w/ time, we use ______-derivatives to see how one affects another.   

● To take the time derivative of EVERY term, use implicit differentiation.  

 

 

   
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Take  
       on both sides using implicit diff. 

2) Isolate the target rate of change 

3) Plug in known values/rates & solve 

  

HOW TO: Solve Related Rates 𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3) 

2𝑦𝑦 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 + 5 = 3𝑥𝑥2 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅   

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 3𝑥𝑥2 − 5

2𝑦𝑦  

𝑦𝑦 = 𝑥𝑥3 
 

 
 

EXAMPLE 
As an ice cube melts, each side changes at −3 cm

min. Find the 

rate of change of the ice cube’s volume when each side is 
0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  

● For “real world” problems, we need to determine what shapes are formed & how they change over time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 
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0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  

● For “real world” problems, we need to determine what shapes are formed & how they change over time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 

     
      

     
      

Integral with Substitution

EXAMPLE Locate the local extrema of the function 𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4.  

 
The First Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the derivative tells us whether a function is increasing (𝑓𝑓′ is +) or decreasing (𝑓𝑓′ is −). 

● Local extrema occur where the sign of the derivative 𝑓𝑓′ ____________. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 

BIZ REG 

First Derivative Test: 

Suppose 𝑐𝑐 is a critical point of a continuous function 𝑓𝑓. If at 𝑐𝑐, 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ does _____ change sign,   𝑓𝑓  has ____ local extrema    at 𝑐𝑐. 

 

1) Find critical points: 

 

2) Make sign chart intervals based  

    on critical points 

3) Plug value from each int. into 𝑓𝑓′ 
 
 
 
 
 

4) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

HOW TO: Find Local Extrema 
Using First Derivative Test 

If 𝑓𝑓′ changes from: 

   + → −, crit. pt. is local MAX 
 
   − →  +, crit. pt. is local MIN  

𝑓𝑓’ሺ𝑥𝑥ሻ = 0 or  𝑓𝑓′ሺ𝑥𝑥ሻ DNE 

𝒙𝒙 

𝑓𝑓’ሺ𝑥𝑥ሻ = 3𝑥𝑥2 − 6𝑥𝑥 

           = 3𝑥𝑥ሺ𝑥𝑥 − 2ሻ 

Choose                 (inside fcn), then

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

find                        

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

Rewrite int. only in terms of 

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

Integrate with respect to 

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

Replace     with

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

EXAMPLE Evaluate the integral by making a substitution. 

Indefinite Integrals   

◆ Recall: To evaluate derivatives of composite functions, we used the chain rule: 

▪ To evaluate integrals with composite functions, use substitution. 

   

 
 
 
   
 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Substitution New 

1) Choose 𝑢𝑢 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑢𝑢 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑢𝑢 & 𝑑𝑑𝑢𝑢;  

If needed: Mult. by ________ & ______ 

3) Integrate with respect to 𝑢𝑢 

4) Replace 𝑢𝑢 with 𝑔𝑔(𝑥𝑥)  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

∫ 𝒇𝒇(𝒈𝒈(𝒙𝒙)) ∙ 𝒈𝒈′(𝒙𝒙)  𝑑𝑑𝑥𝑥 = ∫ 𝒇𝒇(____) _____

∫ √4𝑥𝑥 − 1 𝑑𝑑𝑥𝑥 = ∫ √4𝑥𝑥 − 1  ∙ _______  𝑑𝑑𝑥𝑥 

 

∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 ∙ 𝟐𝟐𝒙𝒙 𝑑𝑑𝑥𝑥 = ∫ ________________ 
 

= __________________ 

= __________________ 

 

𝑑𝑑
𝑑𝑑𝑥𝑥  𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓′(𝑔𝑔(𝑥𝑥)) ∙ 𝑔𝑔′(𝑥𝑥) 

Recall 

If needed:    Mult. by constant & recip.▶ 

                   Rewrite    in terms of ▶ 

 
Substitution With an Extra Variable 

◆ Recall: If 𝑑𝑑𝑑𝑑 is missing a constant multiple, multiply by that constant & its reciprocal to make substitution work.

▪ If the integrand has an “extra 𝑥𝑥”, rearrange 𝑑𝑑 = 𝑔𝑔(𝑥𝑥) to get ___ in terms of ___ & replace in integral. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

EXAMPLE Evaluate the integral by making a substitution. 

∫ 𝑥𝑥√𝑥𝑥 + 3  𝑑𝑑𝑥𝑥 

 

1) Choose 𝑑𝑑 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑑𝑑 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑑𝑑 & 𝑑𝑑𝑑𝑑;  

 If needed:   Multiply by constant & recip. 

                Rewrite 𝑥𝑥 in terms of 𝑑𝑑 

3) Integrate with respect to 𝑑𝑑 

4) Replace 𝑑𝑑 with 𝑔𝑔(𝑥𝑥) 

  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

BIZ REG 

 
Substitution With an Extra Variable 

◆ Recall: If 𝑑𝑑𝑑𝑑 is missing a constant multiple, multiply by that constant & its reciprocal to make substitution work.

▪ If the integrand has an “extra 𝑥𝑥”, rearrange 𝑑𝑑 = 𝑔𝑔(𝑥𝑥) to get ___ in terms of ___ & replace in integral. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

EXAMPLE Evaluate the integral by making a substitution. 

∫ 𝑥𝑥√𝑥𝑥 + 3  𝑑𝑑𝑥𝑥 

 

1) Choose 𝑑𝑑 = 𝑔𝑔(𝑥𝑥) (inside fcn), then 

       find 𝑑𝑑𝑑𝑑 = 𝑔𝑔′(𝑥𝑥) 𝑑𝑑𝑥𝑥 

2) Rewrite int. only in terms of 𝑑𝑑 & 𝑑𝑑𝑑𝑑;  

 If needed:   Multiply by constant & recip. 

                Rewrite 𝑥𝑥 in terms of 𝑑𝑑 

3) Integrate with respect to 𝑑𝑑 

4) Replace 𝑑𝑑 with 𝑔𝑔(𝑥𝑥) 

  

HOW TO: Evaluate Indefinite 
Integral with Substitution  

BIZ REG 



TOPIC: SUBSTITUTION FOR INDEFINITE INTEGRALS

EXAMPLE The marginal revenue of a coffee truck selling    lattes is given by the function below:

TOPIC: SUBSTITUTION FOR INDEFINITE INTEGRALS  
 
  

 

       EXAMPLE Answer the following questions based on the population growth rate given below, where 𝑃𝑃(𝑡𝑡) is the 
population of a particular species of fish present in a lake after 𝑡𝑡 years.  

𝑃𝑃′(𝑡𝑡) = 350 ∙ 𝑒𝑒𝑡𝑡/3  
 

(𝑨𝑨) Find 𝑃𝑃(𝑡𝑡) given that there are 5000 fish in the lake at  𝑡𝑡 = 0. 

(𝑩𝑩) Find the population of fish after 4 years. 

 

       EXAMPLE The marginal revenue of a coffee truck selling 𝑥𝑥 lattes is given by the function below: 

𝑅𝑅′(𝑥𝑥) = 2𝑥𝑥
√3𝑥𝑥2 − 50

 

  

(𝑨𝑨) Find the total revenue function 𝑅𝑅(𝑥𝑥) if the revenue from selling 15 lattes is $75 

(𝑩𝑩) How many lattes must be sold for the truck to have a revenue of at least $250? 

TOPIC: SUBSTITUTION FOR INDEFINITE INTEGRALS  
 
  

 

       EXAMPLE Answer the following questions based on the population growth rate given below, where 𝑃𝑃(𝑡𝑡) is the 
population of a particular species of fish present in a lake after 𝑡𝑡 years.  

𝑃𝑃′(𝑡𝑡) = 350 ∙ 𝑒𝑒𝑡𝑡/3  
 

(𝑨𝑨) Find 𝑃𝑃(𝑡𝑡) given that there are 5000 fish in the lake at  𝑡𝑡 = 0. 

(𝑩𝑩) Find the population of fish after 4 years. 

 

       EXAMPLE The marginal revenue of a coffee truck selling 𝑥𝑥 lattes is given by the function below: 

𝑅𝑅′(𝑥𝑥) = 2𝑥𝑥
√3𝑥𝑥2 − 50

 

  

(𝑨𝑨) Find the total revenue function 𝑅𝑅(𝑥𝑥) if the revenue from selling 15 lattes is $75 

(𝑩𝑩) How many lattes must be sold for the truck to have a revenue of at least $250? 
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Find the total revenue function          if the revenue from selling 15 lattes is $75.

TOPIC: SUBSTITUTION FOR INDEFINITE INTEGRALS  
 
  

 

       EXAMPLE Answer the following questions based on the population growth rate given below, where 𝑃𝑃(𝑡𝑡) is the 
population of a particular species of fish present in a lake after 𝑡𝑡 years.  

𝑃𝑃′(𝑡𝑡) = 350 ∙ 𝑒𝑒𝑡𝑡/3  
 

(𝑨𝑨) Find 𝑃𝑃(𝑡𝑡) given that there are 5000 fish in the lake at  𝑡𝑡 = 0. 

(𝑩𝑩) Find the population of fish after 4 years. 
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𝑅𝑅′(𝑥𝑥) = 2𝑥𝑥
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Find the population of fish after 4 years.

TOPIC: SUBSTITUTION FOR INDEFINITE INTEGRALS  
 
  

 

       EXAMPLE Answer the following questions based on the population growth rate given below, where 𝑃𝑃(𝑡𝑡) is the 
population of a particular species of fish present in a lake after 𝑡𝑡 years.  

𝑃𝑃′(𝑡𝑡) = 350 ∙ 𝑒𝑒𝑡𝑡/3  
 

(𝑨𝑨) Find 𝑃𝑃(𝑡𝑡) given that there are 5000 fish in the lake at  𝑡𝑡 = 0. 

(𝑩𝑩) Find the population of fish after 4 years. 

 

       EXAMPLE The marginal revenue of a coffee truck selling 𝑥𝑥 lattes is given by the function below: 

𝑅𝑅′(𝑥𝑥) = 2𝑥𝑥
√3𝑥𝑥2 − 50

 

  

(𝑨𝑨) Find the total revenue function 𝑅𝑅(𝑥𝑥) if the revenue from selling 15 lattes is $75 

(𝑩𝑩) How many lattes must be sold for the truck to have a revenue of at least $250? 

Find         given that there are 5000 fish in the lake at          .

TOPIC: SUBSTITUTION FOR INDEFINITE INTEGRALS  
 
  

 

       EXAMPLE Answer the following questions based on the population growth rate given below, where 𝑃𝑃(𝑡𝑡) is the 
population of a particular species of fish present in a lake after 𝑡𝑡 years.  

𝑃𝑃′(𝑡𝑡) = 350 ∙ 𝑒𝑒𝑡𝑡/3  
 

(𝑨𝑨) Find 𝑃𝑃(𝑡𝑡) given that there are 5000 fish in the lake at  𝑡𝑡 = 0. 

(𝑩𝑩) Find the population of fish after 4 years. 

 

       EXAMPLE The marginal revenue of a coffee truck selling 𝑥𝑥 lattes is given by the function below: 

𝑅𝑅′(𝑥𝑥) = 2𝑥𝑥
√3𝑥𝑥2 − 50

 

  

(𝑨𝑨) Find the total revenue function 𝑅𝑅(𝑥𝑥) if the revenue from selling 15 lattes is $75 

(𝑩𝑩) How many lattes must be sold for the truck to have a revenue of at least $250? 

TOPIC: SUBSTITUTION FOR INDEFINITE INTEGRALS  
 
  

 

       EXAMPLE Answer the following questions based on the population growth rate given below, where 𝑃𝑃(𝑡𝑡) is the 
population of a particular species of fish present in a lake after 𝑡𝑡 years.  

𝑃𝑃′(𝑡𝑡) = 350 ∙ 𝑒𝑒𝑡𝑡/3  
 

(𝑨𝑨) Find 𝑃𝑃(𝑡𝑡) given that there are 5000 fish in the lake at  𝑡𝑡 = 0. 

(𝑩𝑩) Find the population of fish after 4 years. 

 

       EXAMPLE The marginal revenue of a coffee truck selling 𝑥𝑥 lattes is given by the function below: 

𝑅𝑅′(𝑥𝑥) = 2𝑥𝑥
√3𝑥𝑥2 − 50

 

  

(𝑨𝑨) Find the total revenue function 𝑅𝑅(𝑥𝑥) if the revenue from selling 15 lattes is $75 

(𝑩𝑩) How many lattes must be sold for the truck to have a revenue of at least $250? 
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       EXAMPLE Answer the following questions based on the population growth rate given below, where 𝑃𝑃(𝑡𝑡) is the 
population of a particular species of fish present in a lake after 𝑡𝑡 years.  

𝑃𝑃′(𝑡𝑡) = 350 ∙ 𝑒𝑒𝑡𝑡/3  
 

(𝑨𝑨) Find 𝑃𝑃(𝑡𝑡) given that there are 5000 fish in the lake at  𝑡𝑡 = 0. 

(𝑩𝑩) Find the population of fish after 4 years. 

 

       EXAMPLE The marginal revenue of a coffee truck selling 𝑥𝑥 lattes is given by the function below: 

𝑅𝑅′(𝑥𝑥) = 2𝑥𝑥
√3𝑥𝑥2 − 50

 

  

(𝑨𝑨) Find the total revenue function 𝑅𝑅(𝑥𝑥) if the revenue from selling 15 lattes is $75 

(𝑩𝑩) How many lattes must be sold for the truck to have a revenue of at least $250? 
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       EXAMPLE Answer the following questions based on the population growth rate given below, where 𝑃𝑃(𝑡𝑡) is the 
population of a particular species of fish present in a lake after 𝑡𝑡 years.  

𝑃𝑃′(𝑡𝑡) = 350 ∙ 𝑒𝑒𝑡𝑡/3  
 

(𝑨𝑨) Find 𝑃𝑃(𝑡𝑡) given that there are 5000 fish in the lake at  𝑡𝑡 = 0. 

(𝑩𝑩) Find the population of fish after 4 years. 

 

       EXAMPLE The marginal revenue of a coffee truck selling 𝑥𝑥 lattes is given by the function below: 

𝑅𝑅′(𝑥𝑥) = 2𝑥𝑥
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(𝑨𝑨) Find the total revenue function 𝑅𝑅(𝑥𝑥) if the revenue from selling 15 lattes is $75 

(𝑩𝑩) How many lattes must be sold for the truck to have a revenue of at least $250? 


