TOPIC: POWER SERIES & TAYLOR SERIES
Intro to Power Series

# A power series is an infinite series that also involves a variable, ___, & can be thought of as an "infinite
» Power series have determined by c,, and atx =a.
EXAMPLE For ¢, = %, write the first 4 terms of the (A) infinite series & (B) power series centered at a = 2.
Recall Infinite Series New Power Series
ch =cyt+c;+cy+ ch(x—a)" =cotc(x—a)+c(x—a)? +
n=0 n=0

-

¢ We can determine convergence of, perform operations on, and represent functions with power series.

EXAMPLE Determine where the power series are centered and list the four first terms of the given series.
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TOPIC: POWER SERIES & TAYLOR SERIES
Radius of Convergence

# A power series only converges for certain values of x which is an interval determined by |x — a| < R.

» The radius of convergence ____tells us how far away from the center ____ that the series converges.

EXAMPLE Find the radius of convergence for the following series. HOW TO: Find Radius
of Convergence

. _ n
Z "(’;—2) 1) Apply convergence test
n
"0 Ratio: lim |zt g
" nooo cp(x—a)™

Root: lim /|c,(x —a)*| < 1
n—-oo

Geometric: Y. ar™; |r| < 1

2) Putin|x — a| < R form to find R

R can be:

> a value

» _ ifthelimit=___
» _ ifthelimit=




TOPIC: POWER SERIES & TAYLOR SERIES

EXAMPLE Find the radius of convergence of the series.

@ e o HOW TO: Find Radius
Z Ze— 1) of Convergence
n!

n=0

1) Apply convergence test

Cn+1(x_a)n+1

Ratio: lim <1

n—oo

Root: lim Y/|c,(x —a)*| < 1
n—-oo

Geometric: Y. ar™; |r| < 1

cp(x—a)?

2) Putin|x — a| < R form to find R
B R can be:

Z ntyt » a finite value

n=0 » 0 if the limit =
» oo if the limit=0

©
(x + 3)"

n4n
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TOPIC: POWER SERIES & TAYLOR SERIES
Interval of Convergence

# Recall: Radius of convergence R is how far from center a that a power series converges.

» The interval of convergence is found by the inequality |x — a| < R.
EXAMPLE Find the interval of convergence of the power series below given its radius of convergence.
New Interval of Convergence
R=0
Converges at (x4 3)" Radius of Convergence: R = 4
Dlvelrges l Dlv?rges L nan Inequality: [+ 3| < 4
< [ 1 # [ 1 » X
a
R=o

Converges on _
A
t

< > x
a
R = finite # < > X
Converges on
Diverges ¢ Diverges
< T } T » X
a—R a a+R
¢ \We must also determine convergence of by plugging them in for x into the original power series.
EXAMPLE Determine endpoint convergence for the power series.
(x+3)"
n4n
n=1
i (_+3)"
X =____
n4n
n=1
i ( +3)"
X =____
n4n



TOPIC: POWER SERIES & TAYLOR SERIES

EXAMPLE Find the interval of convergence of each series.

(4)

k! x2k Ratio: lim |ca&=a""
3k ’ n—oo

= Root: lim 3/|c,(x —a)*| < 1
n—oo

Geometric: Y, ar™; |r| < 1

<1

Cn(x—a)™

(B)

- n!

n
22-4-6-...-(211)"
n=1



TOPIC: POWER SERIES & TAYLOR SERIES
Representing Functions as Power Series

# Representing complicated functions as power series lets us approximate & manipulate them more easily.
» To do this, we often use the form of a geometric series:

EXAMPLE Find a power series for the function f(x) = i centeredata =1 HOW TO: Represen! f(x)
and determine the interval of convergence. as a Power Series

1) Write f in the form:

2) Identify a & r

[ee)

3) Plug a & r into Z ar™
n=0

4) Find int. of convergence w/

geometric series test:| | <1

- J




TOPIC: POWER SERIES & TAYLOR SERIES

EXAMPLE Find the power series representation centered at x = 0 of the following function. Give the interval of
convergence for the resulting series.

2
2+x

fx) =

HOW TO: Represent f(x)
as a Power Series

1) Write f in the form: a

1-r
2) Identify a & r

3) Plug a & r into Z ar™
n=0

4) Find int. of convergence w/

geometric series test: |r| < 1

- J

PRACTICE Find the power series representation centered at x = 0 of the following function. Give the interval of
convergence for the resulting series.

1
f(x)=m



TOPIC: POWER SERIES & TAYLOR SERIES
Taylor Series

¢ Recall: A power series is a polynomial w/ infinite terms represented by z cp(x —a)®
n=0

» A Taylor Series is a type of power series where c,, is determined using the of a function.

EXAMPLE Find the Taylor series of f(x) = Inx centered at a = 1.
New Taylor Series

z x—a)"=f(@)+f(A)(x—a)+ e (x—a)* + w(x —a)’ ..

2! 3!

n=0

(Taylor Series centered at x = a)

Derivatives of f

Derivatives of f at = (n)( )
x=1 4 Z ! — (X — "
n=0 )

n
f=Inx f)=In =
f' = Q) =
fr = (@) =
= (1) =

© f(n) (0)

xn
n!

® Maclaurin series is a special case of Taylor series that is centered at :

n=0
(Maclaurin Series)




TOPIC: POWER SERIES & TAYLOR SERIES

PRACTICE Find the Taylor Series of f(x) = cos x centered at x = . Then, write the power series using
summation notation.

Derivatives of f Derivagv:s;f /at v/ (n;(! )(x - )"
f= f@m) =

i = f'(m) =

f"= fr'(m =

"= () =

f® = f@(m) =




TOPIC: POWER SERIES & TAYLOR SERIES

EXAMPLE Answer the following questions.

(A) Find the Maclaurin Series of f(x) = e*. Then, write the power series using summation notation.

Derivatives of f Derivaivis (())f f at i fm;(! )(x —
F = f(0) =

f'= f(0) =

= f7(0) =

s f(0) =

f® = f®(0) =

(B) Use the Maclaurin series for f(x) = e* to find the Maclaurin series for f(x) = e?~.



TOPIC: POWER SERIES & TAYLOR SERIES
Convergence of Taylor and Maclaurin Series

# Taylor & Maclaurin series have intervals of convergence which are found in the same way as power series.

EXAMPLE Determine the convergence of the Taylor series for f(x) = In x centered at x = 1.

[ee]

el
Write the general term: Z ! n'( ) (x—1D" =

n=0

N2 133
=0+1(x-1) - X XED

=(x—1)—%(x—1)2+%(x—1)3—---

n+1
n=0
Use convergence test:
Ratio: lim |crt2@=0™ g
"now |l cpx—a)?

Root: lim /|c,(x —a)*| < 1
n—oo

Geometric: Y. ar™; |r| < 1

Determine endpoint convergence:

n( _1)n+1
= — nzzo(_l) n+1
Y

n=0

Write interval of convergence:
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PRACTICE Find the interval of convergence for the Taylor series for f(x) = sinx centered at x = g




TOPIC: POWER SERIES & TAYLOR SERIES

PRACTICE Find the interval of convergence for the Maclaurin series for f(x) = tan™! x.




TOPIC: POWER SERIES & TAYLOR SERIES

Taylor Polynomials
Sp=a; +ta;t+taz+-+a,

# A Taylor polynomial p,, (x) of degree nis a of a Taylor series & is used for approximating functions.

» Taylor polynomials centered at x = 0 are also called Maclaurin polynomials.

EXAMPLE Find the Maclaurin polynomials py, p1, p, and p; for f(x) = e”*.

New n'" Taylor Polynomial
” n)
paC0 = F@ + F @G- )+ e ot LD gy
(Taylor polynomial centered at x = a)
po(x) =
p1(x) =
p2(x) =
p3(x) =

EXAMPLE Approximate e°2 to four decimal places using the third-degree Maclaurin polynomial for f(x) = e*.

p3(x) =

¢ Using higher- Taylor polynomials gives more accurate approximations.
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PaC) = @+ F @G - ) + 2 = a2 ot D gy

(Taylor polynomial centered at x = a)
PRACTICE Answer the following questions.

(A) Find the Taylor polynomials of order 0, 1, 2, and 3 for f(x) = In(x) centered at x = 1.

(B) Approximate In 1.5 to four decimal places using the third-degree Taylor polynomial for f(x) = In x.



TOPIC: POWER SERIES & TAYLOR SERIES

PaC) = @+ F @G - ) + 2 = a2 ot D gy

(Taylor polynomial centered at x = a)
PRACTICE Answer the following questions.

(A) Find the Maclaurin polynomials of order 0, 1, 2, and 3 for f(x) = sinx.

(B) Approximate sin 0.3 to four decimal places using the third-degree Maclaurin polynomial for f(x) = sinx.



TOPIC: POWER SERIES & TAYLOR SERIES
Topic Resource: Taylor Series of Common Functions

Taylor Series (centered atx = 0) Interval of Convergence
1 [ee]
T=1+x+x2+---+xn+---=zxn (-1,1)
X n=0
! =1—x+x2—---+(—x)"+---=§:(—1)”x" (-1,1)
1+ x ’
n=0
x2 xn *© xn
ex:1+x+_++_+: —_ (—O0,00)
2! n! n!
n=0
D o x2n+1 i (—1)" x2n+1
1 = —_— —_— e —1 n_____ 00 -.-:Z— _ 9
sinx =x -5 -+ U Gt . 2n+ D] (=00, )
n=
e R— x2n *© (—=1)" x2n
=1 —-——4+——... —1)" =Z— —00, 00
cosx TR TR M T 2n)! ( )
n=0
o 3 XM i (—1)"~1 x™
In(1 = ——+——... —1)n-1__ =Z— -1,1
n(l+x)=x 2+3 + (-1) n+ - ( ]
n=0
A o 2n+1 i (—1)" x2n+1
tanlx=x— 4+ —— -+ (-1)" =Z— -1,1
= x=x -t G . 2n+1 =11
n=




