
TOPIC: RIEMANN SUMS
Sigma Notation

◆ We can write a sum involving many terms in a more ____________ way using sigma notation.

New

EXAMPLE Evaluate the following finite sums.
EXAMPLE Find the derivative of the following functions. 

  
Derivatives of General Exponential Functions  

◆ We can use limits to find a derivative rule that works for all exponential functions 𝑏𝑏𝑥𝑥. 
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Limit Definition of ln at h=0 
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       PRACTICE Evaluate the following summation:  

∑𝑖𝑖2 − 3𝑖𝑖 + 8
4

𝑖𝑖=1
 

 

       PRACTICE Evaluate the following summation:  

∑(𝑘𝑘2)
24

𝑘𝑘=1
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Relevant Letters 
 
(𝑨𝑨)   (𝑩𝑩)    
 
(𝑪𝑪)   (𝑫𝑫)     
 
(𝑬𝑬)   (𝑭𝑭)  
 
 
Topic 2 Page 9 – 10, 12 – 13 
 
[0,5]  
 
[0,6]  
 
[0,3]  
 
[1,5]  
 
[4,10]  
 
[0, 4]  
 
 
Topic 3 Page 2 
 
[0,10]  
 
 
Topic 5 Page 2, 3, 4 
 
[2,5]  
 
[4,9]  
 
[0,1]  
 
[2, 4]   

Relevant Letters 
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[0,10]  
 
 
Topic 5 Page 2, 3, 4 
 
[2,5]  
 
[4,9]  
 
[0,1]  
 
[2, 4]   

Relevant Letters 
 
(𝑨𝑨)   (𝑩𝑩)    
 
(𝑪𝑪)   (𝑫𝑫)     
 
(𝑬𝑬)   (𝑭𝑭)  
 
 
Topic 2 Page 9 – 10, 12 – 13 
 
[0,5]  
 
[0,6]  
 
[0,3]  
 
[1,5]  
 
[4,10]  
 
[0, 4]  
 
 
Topic 3 Page 2 
 
[0,10]  
 
 
Topic 5 Page 2, 3, 4 
 
[2,5]  
 
[4,9]  
 
[0,1]  
 
[2, 4]   

TOPIC: REIMANN SUMS 
Sigma Notation 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

BIZ REG 

 

       PRACTICE Evaluate the following summation:  

∑ 2𝑖𝑖
3

2

𝑖𝑖 = 0
 

 

       PRACTICE Evaluate the following summation (make sure your calculator is in radian mode):  

∑ sin (𝜋𝜋𝑖𝑖
8 )

4

𝑖𝑖 = 1
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(𝑨𝑨)   3 • 12 + 3 • 22 + 3 • 32 + 3 • 42 + 3 • 52 
 

(𝑩𝑩)  34 + 3
2 + 9

4 + 3 
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◆ Just like for derivatives and indefinite integrals, there are sum/difference and constant rules for sums.
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Name Rule Example 

Sum & 
Difference 

∑(𝒂𝒂𝒌𝒌 ± 𝒃𝒃𝒌𝒌) = ∑ 𝒂𝒂𝒌𝒌       ∑ 𝒃𝒃𝒌𝒌

𝑛𝑛

𝑘𝑘=1

𝑛𝑛

𝑘𝑘=1

𝑛𝑛

𝑘𝑘=1
 ∑(𝒌𝒌𝟐𝟐 − 𝒌𝒌) = ∑ ___       ∑ ____ =

3

𝑘𝑘=1

3

𝑘𝑘=1

3

𝑘𝑘=1
 

Constant 
Multiple 

∑ 𝒄𝒄 ⋅ 𝒂𝒂𝒌𝒌

𝑛𝑛

𝑘𝑘=1
=  ____  ⋅ ∑ 𝒂𝒂𝒌𝒌

𝑛𝑛

𝑘𝑘=1
 ∑ 𝟐𝟐𝒌𝒌𝟐𝟐 =  ___  ⋅ ∑ ____ =      

3

𝑘𝑘=1

3

𝑘𝑘=1
  

Constant 
Value 

∑ 𝒄𝒄
𝒏𝒏

𝑘𝑘=1
= 𝒄𝒄 ⋅ ______     ∑ 𝟑𝟑

𝟏𝟏𝟏𝟏

𝑘𝑘=1
= ____ ⋅ _____ = _____ 

∑(6𝑘𝑘2 − 9)
3

𝑘𝑘=1
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PRACTICE Evaluate the following summations:

TOPIC: RIEMANN SUMS
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       PRACTICE Evaluate the following summation:  

∑ 5𝑡𝑡 + 4
𝑡𝑡

6

𝑡𝑡 = 2
 

 

 

       PRACTICE Evaluate the following summation:  

∑ 2𝑖𝑖 + 1
4

𝑖𝑖 = 0
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       PRACTICE Evaluate the following summation:  

∑ 4𝑖𝑖3 − 3𝑖𝑖2 + 2𝑖𝑖 − 1
2

𝑖𝑖 = 1
 

 

 

       PRACTICE Evaluate the following summation (make sure your solution is in radians):  

∑ 2tan (𝜋𝜋𝜋𝜋
3 )

5

𝑘𝑘 = 0
− 𝜋𝜋𝜋𝜋 

 

Relevant Letters 
 
(𝑨𝑨)   (𝑩𝑩)    
 
(𝑪𝑪)   (𝑫𝑫)     
 
(𝑬𝑬)   (𝑭𝑭)  
 
 
Topic 2 Page 9 – 10, 12 – 13 
 
[0,5]  
 
[0,6]  
 
[0,3]  
 
[1,5]  
 
[4,10]  
 
[0, 4]  
 
 
Topic 3 Page 2 
 
[0,10]  
 
 
Topic 5 Page 2, 3, 4 
 
[2,5]  
 
[4,9]  
 
[0,1]  
 
[2, 4]   

Relevant Letters 
 
(𝑨𝑨)   (𝑩𝑩)    
 
(𝑪𝑪)   (𝑫𝑫)     
 
(𝑬𝑬)   (𝑭𝑭)  
 
 
Topic 2 Page 9 – 10, 12 – 13 
 
[0,5]  
 
[0,6]  
 
[0,3]  
 
[1,5]  
 
[4,10]  
 
[0, 4]  
 
 
Topic 3 Page 2 
 
[0,10]  
 
 
Topic 5 Page 2, 3, 4 
 
[2,5]  
 
[4,9]  
 
[0,1]  
 
[2, 4]   

Relevant Letters 
 
(𝑨𝑨)   (𝑩𝑩)    
 
(𝑪𝑪)   (𝑫𝑫)     
 
(𝑬𝑬)   (𝑭𝑭)  
 
 
Topic 2 Page 9 – 10, 12 – 13 
 
[0,5]  
 
[0,6]  
 
[0,3]  
 
[1,5]  
 
[4,10]  
 
[0, 4]  
 
 
Topic 3 Page 2 
 
[0,10]  
 
 
Topic 5 Page 2, 3, 4 
 
[2,5]  
 
[4,9]  
 
[0,1]  
 
[2, 4]   
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TOPIC: RIEMANN SUMS
Introduction to Riemann Sums

◆ Recall: We can estimate the area under the curve by breaking it into    rectangles (subintervals) of width                .

EXAMPLE Estimate the area under the curve using a left endpoint Riemann sum with 4 subintervals.

 We can use ____________ notation to represent the estimated area as a Riemann sum.▶ 

Estimating Area Estimating Area with Riemann Sums Recall New 

EXAMPLE Estimate the area under the curve using a left endpoint Riemann sum with 4 subintervals. 

 
Introduction to Riemann Sums 

◆ Recall: We can estimate the area under a curve by breaking it into 𝑛𝑛 rectangles (subintervals) of width 𝚫𝚫𝒙𝒙 = 𝑏𝑏−𝑎𝑎
𝑛𝑛 .                        

● We can use _________ notation to represent the estimated area as a Riemann sum.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝐴𝐴 ≈ 𝐴𝐴1 + 𝐴𝐴2 + 𝐴𝐴3 + 𝐴𝐴4 

𝒙𝒙  

𝒚𝒚 

2 

5 

4 

3 

2 

1 

𝒇𝒇(𝒙𝒙) = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

____ = 𝑎𝑎 ___ = 𝑏𝑏 𝚫𝚫𝒙𝒙 

0 

≈ 𝑤𝑤1ℎ1 + 𝑤𝑤2ℎ2 + 𝑤𝑤3ℎ3 + 𝑤𝑤4ℎ4 
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≈ Δ𝑥𝑥(𝑓𝑓(0) + 𝑓𝑓(0.5) + 𝑓𝑓(1) + 𝑓𝑓(1.5)) 
 
≈ (0.5)(4 + 3.75 + 3 + 1.75) 
 
≈ 6.25 

𝐴𝐴 ≈ ෍ 𝑓𝑓(____)𝚫𝚫𝒙𝒙
𝑛𝑛

𝑘𝑘=1

(General Riemann sum) 

𝐴𝐴 ≈ ෍ 𝑓𝑓(______)𝚫𝚫𝒙𝒙
𝑛𝑛

𝑘𝑘=1

(Left Riemann sum) 

𝐴𝐴 ≈ ෍                   𝚫𝚫𝒙𝒙  
     

𝑘𝑘=1
 

𝐴𝐴 ≈ _____ ෍                   
     

𝑘𝑘=1
 

≈ (𝚫𝚫𝒙𝒙) 

≈ 6.25 

___  subinterval 
 

Estimating Area Estimating Area with Riemann Sums Recall New 

EXAMPLE Estimate the area under the curve using a left endpoint Riemann sum with 4 subintervals. 

 
Introduction to Riemann Sums 

◆ Recall: We can estimate the area under a curve by breaking it into 𝑛𝑛 rectangles (subintervals) of width 𝚫𝚫𝒙𝒙 = 𝑏𝑏−𝑎𝑎
𝑛𝑛 .                        

● We can use _________ notation to represent the estimated area as a Riemann sum.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝐴𝐴 ≈ 𝐴𝐴1 + 𝐴𝐴2 + 𝐴𝐴3 + 𝐴𝐴4 

____ = 𝑎𝑎 ___ = 𝑏𝑏 𝚫𝚫𝒙𝒙 

0 

≈ 𝑤𝑤1ℎ1 + 𝑤𝑤2ℎ2 + 𝑤𝑤3ℎ3 + 𝑤𝑤4ℎ4 
 
≈ Δ𝑥𝑥(𝑓𝑓(0) + 𝑓𝑓(0.5) + 𝑓𝑓(1) + 𝑓𝑓(1.5)) 
 
≈ (0.5)(4 + 3.75 + 3 + 1.75) 
 
≈ 6.25 

𝐴𝐴 ≈ ෍ 𝑓𝑓(____)𝚫𝚫𝒙𝒙
𝑛𝑛

𝑘𝑘=1

(General Riemann sum) 

𝐴𝐴 ≈ ෍ 𝑓𝑓(______)𝚫𝚫𝒙𝒙
𝑛𝑛

𝑘𝑘=1

(Left Riemann sum) 

𝐴𝐴 ≈ ෍                   𝚫𝚫𝒙𝒙  
     

𝑘𝑘=1
 

𝐴𝐴 ≈ _____ ෍                   
     

𝑘𝑘=1
 

≈ (𝚫𝚫𝒙𝒙) 

≈ 6.25 

𝒙𝒙  

𝒚𝒚 

2 

5 

4 

3 

2 

1 

𝒇𝒇(𝒙𝒙) = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

___  subinterval 
 



TOPIC: RIEMANN SUMS

PRACTICE

PRACTICE

TOPIC: REIMANN SUMS 
Introduction to Riemann Sums 
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       PRACTICE 
For the following graph, write a Reimann sum using left endpoints to approximate the area under the curve 
over [0,5] with 5 subintervals. 

𝒙𝒙  

𝒚𝒚 

1 2 

5 

4 

3 

2 

1 

3 4 5 

𝒇𝒇(𝒙𝒙) = 𝟏𝟏
𝟐𝟐𝒙𝒙 

 

       PRACTICE 
For the following graph, write a Reimann sum using left endpoints to approximate the area under the curve 
over [0,6] with 6 subintervals. 

𝒙𝒙  

𝒚𝒚 

1 2 

5 

4 

3 

2 

1 

3 4 5 

𝒇𝒇(𝒙𝒙) = 𝟑𝟑 − √𝒙𝒙 

TOPIC: REIMANN SUMS 
Introduction to Riemann Sums 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
  

BIZ REG 

 

       PRACTICE 
For the following graph, write a Reimann sum using left endpoints to approximate the area under the curve 
over [0,5] with 5 subintervals. 

𝒙𝒙  

𝒚𝒚 

1 2 

5 

4 

3 

2 

1 

3 4 5 

𝒇𝒇(𝒙𝒙) = 𝟏𝟏
𝟐𝟐𝒙𝒙 

 

       PRACTICE 
For the following graph, write a Reimann sum using left endpoints to approximate the area under the curve 
over [0,6] with 6 subintervals. 

𝒙𝒙  

𝒚𝒚 

1 2 

5 

4 

3 

2 

1 

3 4 5 

𝒇𝒇(𝒙𝒙) = 𝟑𝟑 − √𝒙𝒙 

For the following graph, write a Riemann sum using left endpoints to approximate the area under the
curve over         with 5 subintervals.

Relevant Letters 
 
(𝑨𝑨)   (𝑩𝑩)    
 
(𝑪𝑪)   (𝑫𝑫)     
 
(𝑬𝑬)   (𝑭𝑭)  
 
 
Topic 2 Page 9 – 10, 12 – 13 
 
[0,5]  
 
[0,6]  
 
[0,3]  
 
[1,5]  
 
[4,10]  
 
[0, 4]  
 
 
Topic 3 Page 2 
 
[0,10]  
 
 
Topic 5 Page 2, 3, 4 
 
[2,5]  
 
[4,9]  
 
[0,1]  
 
[2, 4]   

For the following graph, write a Riemann sum using left endpoints to approximate the area under the
curve over         with 6 subintervals.

Relevant Letters 
 
(𝑨𝑨)   (𝑩𝑩)    
 
(𝑪𝑪)   (𝑫𝑫)     
 
(𝑬𝑬)   (𝑭𝑭)  
 
 
Topic 2 Page 9 – 10, 12 – 13 
 
[0,5]  
 
[0,6]  
 
[0,3]  
 
[1,5]  
 
[4,10]  
 
[0, 4]  
 
 
Topic 3 Page 2 
 
[0,10]  
 
 
Topic 5 Page 2, 3, 4 
 
[2,5]  
 
[4,9]  
 
[0,1]  
 
[2, 4]   



TOPIC: RIEMANN SUMS

PRACTICE

TOPIC: REIMANN SUMS 
Introduction to Riemann Sums 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

BIZ REG 

 

       PRACTICE Write the Riemann sum that would approximate the area of the following graph over the interval [0,3] using 
3 subintervals. 

𝒙𝒙  

𝒚𝒚 

1 2 

20 

15 

10 

5 

3 

𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟑𝟑 − 𝟑𝟑𝒙𝒙 + 𝟐𝟐 

Write the Riemann sum that would approximate the area of the following graph over the interval
using 3 subintervals.

Relevant Letters 
 
(𝑨𝑨)   (𝑩𝑩)    
 
(𝑪𝑪)   (𝑫𝑫)     
 
(𝑬𝑬)   (𝑭𝑭)  
 
 
Topic 2 Page 9 – 10, 12 – 13 
 
[0,5]  
 
[0,6]  
 
[0,3]  
 
[1,5]  
 
[4,10]  
 
[0, 4]  
 
 
Topic 3 Page 2 
 
[0,10]  
 
 
Topic 5 Page 2, 3, 4 
 
[2,5]  
 
[4,9]  
 
[0,1]  
 
[2, 4]   



TOPIC: RIEMANN SUMS
Left, Right, & Midpoint Riemann Sums

◆ Recall: When esimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.

EXAMPLE Set up the left, right, and midpoint Riemann sums for                         on        .

Left, Right, & Midpoint Riemann Sums

 For Riemann sums, we can do the same thing.▶ 

EXAMPLE Set up the left, right, and midpoint Riemann sums for 𝑓𝑓ሺ𝑥𝑥ሻ = 4 − 𝑥𝑥2 on [0,2]. 

 
Left, Right, & Midpoint Riemann Sums 

◆ Recall: When estimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.  

● For Riemann sums, we can do the same thing. 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Left, Right, & Midpoint Riemann Sums 

Le
ft 

Ri
gh

t 
M

id
po

in
t 

𝑥𝑥𝑘𝑘
∗ = 𝒙𝒙𝒌𝒌−𝟏𝟏 is the left endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ = ______ is the right endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ =                                    

  is the midpoint of subinterval 

𝒙𝒙𝒌𝒌−𝟏𝟏 = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝒙𝒙𝒌𝒌 = 𝑎𝑎 + _____Δ𝑥𝑥  

𝑥𝑥𝑘𝑘
∗ = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝐴𝐴 ≈ 𝐿𝐿𝑛𝑛 = ෍ 𝑓𝑓ሺ𝒙𝒙𝒌𝒌−𝟏𝟏ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1
 

Recall 

(Left Riemann Sum) 

𝐴𝐴 ≈ 𝑀𝑀𝑛𝑛 = ෍ 𝑓𝑓 ቀ  
                    ቁ

𝑛𝑛

𝑘𝑘=1
Δ𝑥𝑥

(Midpoint Riemann sum) 

New 

𝐴𝐴 ≈ 𝑅𝑅𝑛𝑛 = ෍ 𝑓𝑓ሺ_____ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1

(Right Riemann sum) 

New 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌−𝟏𝟏 𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝐿𝐿𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑅𝑅𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑀𝑀𝑛𝑛 = ෍ሺ                                ሻሺ____ሻ
___

𝑘𝑘=1
 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝒙𝒙  

𝒚𝒚 

𝒙𝒙𝒌𝒌−𝟏𝟏 2 

5 
4 
3 
2 
1 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

EXAMPLE Set up the left, right, and midpoint Riemann sums for 𝑓𝑓ሺ𝑥𝑥ሻ = 4 − 𝑥𝑥2 on [0,2]. 

 
Left, Right, & Midpoint Riemann Sums 

◆ Recall: When estimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.  

● For Riemann sums, we can do the same thing. 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Left, Right, & Midpoint Riemann Sums 

Le
ft 

Ri
gh

t 
M

id
po

in
t 

𝑥𝑥𝑘𝑘
∗ = 𝒙𝒙𝒌𝒌−𝟏𝟏 is the left endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ = ______ is the right endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ =                                    

  is the midpoint of subinterval 

𝒙𝒙𝒌𝒌−𝟏𝟏 = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝒙𝒙𝒌𝒌 = 𝑎𝑎 + _____Δ𝑥𝑥  

𝑥𝑥𝑘𝑘
∗ = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝐴𝐴 ≈ 𝐿𝐿𝑛𝑛 = ෍ 𝑓𝑓ሺ𝒙𝒙𝒌𝒌−𝟏𝟏ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1
 

Recall 

(Left Riemann Sum) 

𝐴𝐴 ≈ 𝑀𝑀𝑛𝑛 = ෍ 𝑓𝑓 ቀ  
                    ቁ

𝑛𝑛

𝑘𝑘=1
Δ𝑥𝑥

(Midpoint Riemann sum) 

New 

𝐴𝐴 ≈ 𝑅𝑅𝑛𝑛 = ෍ 𝑓𝑓ሺ_____ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1

(Right Riemann sum) 

New 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌−𝟏𝟏 𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝐿𝐿𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑅𝑅𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑀𝑀𝑛𝑛 = ෍ሺ                                ሻሺ____ሻ
___

𝑘𝑘=1
 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝒙𝒙  

𝒚𝒚 

𝒙𝒙𝒌𝒌−𝟏𝟏 2 

5 
4 
3 
2 
1 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 
is the left endpoint of subinterval

EXAMPLE Set up the left, right, and midpoint Riemann sums for 𝑓𝑓ሺ𝑥𝑥ሻ = 4 − 𝑥𝑥2 on [0,2]. 

 
Left, Right, & Midpoint Riemann Sums 

◆ Recall: When estimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.  

● For Riemann sums, we can do the same thing. 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Left, Right, & Midpoint Riemann Sums 

Le
ft 

Ri
gh

t 
M

id
po

in
t 

𝑥𝑥𝑘𝑘
∗ = 𝒙𝒙𝒌𝒌−𝟏𝟏 is the left endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ = ______ is the right endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ =                                    

  is the midpoint of subinterval 

𝒙𝒙𝒌𝒌−𝟏𝟏 = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝒙𝒙𝒌𝒌 = 𝑎𝑎 + _____Δ𝑥𝑥  

𝑥𝑥𝑘𝑘
∗ = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝐴𝐴 ≈ 𝐿𝐿𝑛𝑛 = ෍ 𝑓𝑓ሺ𝒙𝒙𝒌𝒌−𝟏𝟏ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1
 

Recall 

(Left Riemann Sum) 

𝐴𝐴 ≈ 𝑀𝑀𝑛𝑛 = ෍ 𝑓𝑓 ቀ  
                    ቁ

𝑛𝑛

𝑘𝑘=1
Δ𝑥𝑥

(Midpoint Riemann sum) 

New 

𝐴𝐴 ≈ 𝑅𝑅𝑛𝑛 = ෍ 𝑓𝑓ሺ_____ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1

(Right Riemann sum) 

New 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌−𝟏𝟏 𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝐿𝐿𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑅𝑅𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑀𝑀𝑛𝑛 = ෍ሺ                                ሻሺ____ሻ
___

𝑘𝑘=1
 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝒙𝒙  

𝒚𝒚 

𝒙𝒙𝒌𝒌−𝟏𝟏 2 

5 
4 
3 
2 
1 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

EXAMPLE Set up the left, right, and midpoint Riemann sums for 𝑓𝑓ሺ𝑥𝑥ሻ = 4 − 𝑥𝑥2 on [0,2]. 

 
Left, Right, & Midpoint Riemann Sums 

◆ Recall: When estimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.  

● For Riemann sums, we can do the same thing. 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Left, Right, & Midpoint Riemann Sums 

Le
ft 

Ri
gh

t 
M

id
po

in
t 

𝑥𝑥𝑘𝑘
∗ = 𝒙𝒙𝒌𝒌−𝟏𝟏 is the left endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ = ______ is the right endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ =                                    

  is the midpoint of subinterval 

𝒙𝒙𝒌𝒌−𝟏𝟏 = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝒙𝒙𝒌𝒌 = 𝑎𝑎 + _____Δ𝑥𝑥  

𝑥𝑥𝑘𝑘
∗ = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝐴𝐴 ≈ 𝐿𝐿𝑛𝑛 = ෍ 𝑓𝑓ሺ𝒙𝒙𝒌𝒌−𝟏𝟏ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1
 

Recall 

(Left Riemann Sum) 

𝐴𝐴 ≈ 𝑀𝑀𝑛𝑛 = ෍ 𝑓𝑓 ቀ  
                    ቁ

𝑛𝑛

𝑘𝑘=1
Δ𝑥𝑥

(Midpoint Riemann sum) 

New 

𝐴𝐴 ≈ 𝑅𝑅𝑛𝑛 = ෍ 𝑓𝑓ሺ_____ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1

(Right Riemann sum) 

New 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌−𝟏𝟏 𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝐿𝐿𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑅𝑅𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑀𝑀𝑛𝑛 = ෍ሺ                                ሻሺ____ሻ
___

𝑘𝑘=1
 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝒙𝒙  

𝒚𝒚 

𝒙𝒙𝒌𝒌−𝟏𝟏 2 

5 
4 
3 
2 
1 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

EXAMPLE Set up the left, right, and midpoint Riemann sums for 𝑓𝑓ሺ𝑥𝑥ሻ = 4 − 𝑥𝑥2 on [0,2]. 

 
Left, Right, & Midpoint Riemann Sums 

◆ Recall: When estimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.  

● For Riemann sums, we can do the same thing. 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Left, Right, & Midpoint Riemann Sums 

Le
ft 

Ri
gh

t 
M

id
po

in
t 

𝑥𝑥𝑘𝑘
∗ = 𝒙𝒙𝒌𝒌−𝟏𝟏 is the left endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ = ______ is the right endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ =                                    

  is the midpoint of subinterval 

𝒙𝒙𝒌𝒌−𝟏𝟏 = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝒙𝒙𝒌𝒌 = 𝑎𝑎 + _____Δ𝑥𝑥  

𝑥𝑥𝑘𝑘
∗ = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝐴𝐴 ≈ 𝐿𝐿𝑛𝑛 = ෍ 𝑓𝑓ሺ𝒙𝒙𝒌𝒌−𝟏𝟏ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1
 

Recall 

(Left Riemann Sum) 

𝐴𝐴 ≈ 𝑀𝑀𝑛𝑛 = ෍ 𝑓𝑓 ቀ  
                    ቁ

𝑛𝑛

𝑘𝑘=1
Δ𝑥𝑥

(Midpoint Riemann sum) 

New 

𝐴𝐴 ≈ 𝑅𝑅𝑛𝑛 = ෍ 𝑓𝑓ሺ_____ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1

(Right Riemann sum) 

New 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌−𝟏𝟏 𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝐿𝐿𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑅𝑅𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑀𝑀𝑛𝑛 = ෍ሺ                                ሻሺ____ሻ
___

𝑘𝑘=1
 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝒙𝒙  

𝒚𝒚 

𝒙𝒙𝒌𝒌−𝟏𝟏 2 

5 
4 
3 
2 
1 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

Recall

EXAMPLE Set up the left, right, and midpoint Riemann sums for 𝑓𝑓ሺ𝑥𝑥ሻ = 4 − 𝑥𝑥2 on [0,2]. 

 
Left, Right, & Midpoint Riemann Sums 

◆ Recall: When estimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.  

● For Riemann sums, we can do the same thing. 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Left, Right, & Midpoint Riemann Sums 

Le
ft 

Ri
gh

t 
M

id
po

in
t 

𝑥𝑥𝑘𝑘
∗ = 𝒙𝒙𝒌𝒌−𝟏𝟏 is the left endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ = ______ is the right endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ =                                    

  is the midpoint of subinterval 

𝒙𝒙𝒌𝒌−𝟏𝟏 = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝒙𝒙𝒌𝒌 = 𝑎𝑎 + _____Δ𝑥𝑥  

𝑥𝑥𝑘𝑘
∗ = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝐴𝐴 ≈ 𝐿𝐿𝑛𝑛 = ෍ 𝑓𝑓ሺ𝒙𝒙𝒌𝒌−𝟏𝟏ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1
 

Recall 

(Left Riemann Sum) 

𝐴𝐴 ≈ 𝑀𝑀𝑛𝑛 = ෍ 𝑓𝑓 ቀ  
                    ቁ

𝑛𝑛

𝑘𝑘=1
Δ𝑥𝑥

(Midpoint Riemann sum) 

New 

𝐴𝐴 ≈ 𝑅𝑅𝑛𝑛 = ෍ 𝑓𝑓ሺ_____ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1

(Right Riemann sum) 

New 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌−𝟏𝟏 𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝐿𝐿𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑅𝑅𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑀𝑀𝑛𝑛 = ෍ሺ                                ሻሺ____ሻ
___

𝑘𝑘=1
 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝒙𝒙  

𝒚𝒚 

𝒙𝒙𝒌𝒌−𝟏𝟏 2 

5 
4 
3 
2 
1 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

EXAMPLE Set up the left, right, and midpoint Riemann sums for 𝑓𝑓ሺ𝑥𝑥ሻ = 4 − 𝑥𝑥2 on [0,2]. 

 
Left, Right, & Midpoint Riemann Sums 

◆ Recall: When estimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.  

● For Riemann sums, we can do the same thing. 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Left, Right, & Midpoint Riemann Sums 

Le
ft 

Ri
gh

t 
M

id
po

in
t 

𝑥𝑥𝑘𝑘
∗ = 𝒙𝒙𝒌𝒌−𝟏𝟏 is the left endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ = ______ is the right endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ =                                    

  is the midpoint of subinterval 

𝒙𝒙𝒌𝒌−𝟏𝟏 = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝒙𝒙𝒌𝒌 = 𝑎𝑎 + _____Δ𝑥𝑥  

𝑥𝑥𝑘𝑘
∗ = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝐴𝐴 ≈ 𝐿𝐿𝑛𝑛 = ෍ 𝑓𝑓ሺ𝒙𝒙𝒌𝒌−𝟏𝟏ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1
 

Recall 

(Left Riemann Sum) 

𝐴𝐴 ≈ 𝑀𝑀𝑛𝑛 = ෍ 𝑓𝑓 ቀ  
                    ቁ

𝑛𝑛

𝑘𝑘=1
Δ𝑥𝑥

(Midpoint Riemann sum) 

New 

𝐴𝐴 ≈ 𝑅𝑅𝑛𝑛 = ෍ 𝑓𝑓ሺ_____ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1

(Right Riemann sum) 

New 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌−𝟏𝟏 𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝐿𝐿𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑅𝑅𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑀𝑀𝑛𝑛 = ෍ሺ                                ሻሺ____ሻ
___

𝑘𝑘=1
 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝒙𝒙  

𝒚𝒚 

𝒙𝒙𝒌𝒌−𝟏𝟏 2 

5 
4 
3 
2 
1 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

EXAMPLE Set up the left, right, and midpoint Riemann sums for 𝑓𝑓ሺ𝑥𝑥ሻ = 4 − 𝑥𝑥2 on [0,2]. 

 
Left, Right, & Midpoint Riemann Sums 

◆ Recall: When estimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.  

● For Riemann sums, we can do the same thing. 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Left, Right, & Midpoint Riemann Sums 

Le
ft 

Ri
gh

t 
M

id
po

in
t 

𝑥𝑥𝑘𝑘
∗ = 𝒙𝒙𝒌𝒌−𝟏𝟏 is the left endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ = ______ is the right endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ =                                    

  is the midpoint of subinterval 

𝒙𝒙𝒌𝒌−𝟏𝟏 = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝒙𝒙𝒌𝒌 = 𝑎𝑎 + _____Δ𝑥𝑥  

𝑥𝑥𝑘𝑘
∗ = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝐴𝐴 ≈ 𝐿𝐿𝑛𝑛 = ෍ 𝑓𝑓ሺ𝒙𝒙𝒌𝒌−𝟏𝟏ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1
 

Recall 

(Left Riemann Sum) 

𝐴𝐴 ≈ 𝑀𝑀𝑛𝑛 = ෍ 𝑓𝑓 ቀ  
                    ቁ

𝑛𝑛

𝑘𝑘=1
Δ𝑥𝑥

(Midpoint Riemann sum) 

New 

𝐴𝐴 ≈ 𝑅𝑅𝑛𝑛 = ෍ 𝑓𝑓ሺ_____ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1

(Right Riemann sum) 

New 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌−𝟏𝟏 𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝐿𝐿𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑅𝑅𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑀𝑀𝑛𝑛 = ෍ሺ                                ሻሺ____ሻ
___

𝑘𝑘=1
 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝒙𝒙  

𝒚𝒚 

𝒙𝒙𝒌𝒌−𝟏𝟏 2 

5 
4 
3 
2 
1 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

is the right endpoint of subinterval

EXAMPLE Set up the left, right, and midpoint Riemann sums for 𝑓𝑓ሺ𝑥𝑥ሻ = 4 − 𝑥𝑥2 on [0,2]. 

 
Left, Right, & Midpoint Riemann Sums 

◆ Recall: When estimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.  

● For Riemann sums, we can do the same thing. 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Left, Right, & Midpoint Riemann Sums 

Le
ft 

Ri
gh

t 
M

id
po

in
t 

𝑥𝑥𝑘𝑘
∗ = 𝒙𝒙𝒌𝒌−𝟏𝟏 is the left endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ = ______ is the right endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ =                                    

  is the midpoint of subinterval 

𝒙𝒙𝒌𝒌−𝟏𝟏 = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝒙𝒙𝒌𝒌 = 𝑎𝑎 + _____Δ𝑥𝑥  

𝑥𝑥𝑘𝑘
∗ = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝐴𝐴 ≈ 𝐿𝐿𝑛𝑛 = ෍ 𝑓𝑓ሺ𝒙𝒙𝒌𝒌−𝟏𝟏ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1
 

Recall 

(Left Riemann Sum) 

𝐴𝐴 ≈ 𝑀𝑀𝑛𝑛 = ෍ 𝑓𝑓 ቀ  
                    ቁ

𝑛𝑛

𝑘𝑘=1
Δ𝑥𝑥

(Midpoint Riemann sum) 

New 

𝐴𝐴 ≈ 𝑅𝑅𝑛𝑛 = ෍ 𝑓𝑓ሺ_____ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1

(Right Riemann sum) 

New 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌−𝟏𝟏 𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝐿𝐿𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑅𝑅𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑀𝑀𝑛𝑛 = ෍ሺ                                ሻሺ____ሻ
___

𝑘𝑘=1
 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝒙𝒙  

𝒚𝒚 

𝒙𝒙𝒌𝒌−𝟏𝟏 2 

5 
4 
3 
2 
1 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

New

EXAMPLE Set up the left, right, and midpoint Riemann sums for 𝑓𝑓ሺ𝑥𝑥ሻ = 4 − 𝑥𝑥2 on [0,2]. 

 
Left, Right, & Midpoint Riemann Sums 

◆ Recall: When estimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.  

● For Riemann sums, we can do the same thing. 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Left, Right, & Midpoint Riemann Sums 

Le
ft 

Ri
gh

t 
M

id
po

in
t 

𝑥𝑥𝑘𝑘
∗ = 𝒙𝒙𝒌𝒌−𝟏𝟏 is the left endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ = ______ is the right endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ =                                    

  is the midpoint of subinterval 

𝒙𝒙𝒌𝒌−𝟏𝟏 = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝒙𝒙𝒌𝒌 = 𝑎𝑎 + _____Δ𝑥𝑥  

𝑥𝑥𝑘𝑘
∗ = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝐴𝐴 ≈ 𝐿𝐿𝑛𝑛 = ෍ 𝑓𝑓ሺ𝒙𝒙𝒌𝒌−𝟏𝟏ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1
 

Recall 

(Left Riemann Sum) 

𝐴𝐴 ≈ 𝑀𝑀𝑛𝑛 = ෍ 𝑓𝑓 ቀ  
                    ቁ

𝑛𝑛

𝑘𝑘=1
Δ𝑥𝑥

(Midpoint Riemann sum) 

New 

𝐴𝐴 ≈ 𝑅𝑅𝑛𝑛 = ෍ 𝑓𝑓ሺ_____ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1

(Right Riemann sum) 

New 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌−𝟏𝟏 𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝐿𝐿𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑅𝑅𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑀𝑀𝑛𝑛 = ෍ሺ                                ሻሺ____ሻ
___

𝑘𝑘=1
 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝒙𝒙  

𝒚𝒚 

𝒙𝒙𝒌𝒌−𝟏𝟏 2 

5 
4 
3 
2 
1 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

EXAMPLE Set up the left, right, and midpoint Riemann sums for 𝑓𝑓ሺ𝑥𝑥ሻ = 4 − 𝑥𝑥2 on [0,2]. 

 
Left, Right, & Midpoint Riemann Sums 

◆ Recall: When estimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.  

● For Riemann sums, we can do the same thing. 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Left, Right, & Midpoint Riemann Sums 

Le
ft 

Ri
gh

t 
M

id
po

in
t 

𝑥𝑥𝑘𝑘
∗ = 𝒙𝒙𝒌𝒌−𝟏𝟏 is the left endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ = ______ is the right endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ =                                    

  is the midpoint of subinterval 

𝒙𝒙𝒌𝒌−𝟏𝟏 = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝒙𝒙𝒌𝒌 = 𝑎𝑎 + _____Δ𝑥𝑥  

𝑥𝑥𝑘𝑘
∗ = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝐴𝐴 ≈ 𝐿𝐿𝑛𝑛 = ෍ 𝑓𝑓ሺ𝒙𝒙𝒌𝒌−𝟏𝟏ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1
 

Recall 

(Left Riemann Sum) 

𝐴𝐴 ≈ 𝑀𝑀𝑛𝑛 = ෍ 𝑓𝑓 ቀ  
                    ቁ

𝑛𝑛

𝑘𝑘=1
Δ𝑥𝑥

(Midpoint Riemann sum) 

New 

𝐴𝐴 ≈ 𝑅𝑅𝑛𝑛 = ෍ 𝑓𝑓ሺ_____ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1

(Right Riemann sum) 

New 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌−𝟏𝟏 𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝐿𝐿𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑅𝑅𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑀𝑀𝑛𝑛 = ෍ሺ                                ሻሺ____ሻ
___

𝑘𝑘=1
 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝒙𝒙  

𝒚𝒚 

𝒙𝒙𝒌𝒌−𝟏𝟏 2 

5 
4 
3 
2 
1 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

EXAMPLE Set up the left, right, and midpoint Riemann sums for 𝑓𝑓ሺ𝑥𝑥ሻ = 4 − 𝑥𝑥2 on [0,2]. 

 
Left, Right, & Midpoint Riemann Sums 

◆ Recall: When estimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.  

● For Riemann sums, we can do the same thing. 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Left, Right, & Midpoint Riemann Sums 

Le
ft 

Ri
gh

t 
M

id
po

in
t 

𝑥𝑥𝑘𝑘
∗ = 𝒙𝒙𝒌𝒌−𝟏𝟏 is the left endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ = ______ is the right endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ =                                    

  is the midpoint of subinterval 

𝒙𝒙𝒌𝒌−𝟏𝟏 = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝒙𝒙𝒌𝒌 = 𝑎𝑎 + _____Δ𝑥𝑥  

𝑥𝑥𝑘𝑘
∗ = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝐴𝐴 ≈ 𝐿𝐿𝑛𝑛 = ෍ 𝑓𝑓ሺ𝒙𝒙𝒌𝒌−𝟏𝟏ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1
 

Recall 

(Left Riemann Sum) 

𝐴𝐴 ≈ 𝑀𝑀𝑛𝑛 = ෍ 𝑓𝑓 ቀ  
                    ቁ

𝑛𝑛

𝑘𝑘=1
Δ𝑥𝑥

(Midpoint Riemann sum) 

New 

𝐴𝐴 ≈ 𝑅𝑅𝑛𝑛 = ෍ 𝑓𝑓ሺ_____ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1

(Right Riemann sum) 

New 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌−𝟏𝟏 𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝐿𝐿𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑅𝑅𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑀𝑀𝑛𝑛 = ෍ሺ                                ሻሺ____ሻ
___

𝑘𝑘=1
 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝒙𝒙  

𝒚𝒚 

𝒙𝒙𝒌𝒌−𝟏𝟏 2 

5 
4 
3 
2 
1 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

EXAMPLE Set up the left, right, and midpoint Riemann sums for 𝑓𝑓ሺ𝑥𝑥ሻ = 4 − 𝑥𝑥2 on [0,2]. 

 
Left, Right, & Midpoint Riemann Sums 

◆ Recall: When estimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.  

● For Riemann sums, we can do the same thing. 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Left, Right, & Midpoint Riemann Sums 

Le
ft 

Ri
gh

t 
M

id
po

in
t 

𝑥𝑥𝑘𝑘
∗ = 𝒙𝒙𝒌𝒌−𝟏𝟏 is the left endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ = ______ is the right endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ =                                    

  is the midpoint of subinterval 

𝒙𝒙𝒌𝒌−𝟏𝟏 = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝒙𝒙𝒌𝒌 = 𝑎𝑎 + _____Δ𝑥𝑥  

𝑥𝑥𝑘𝑘
∗ = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝐴𝐴 ≈ 𝐿𝐿𝑛𝑛 = ෍ 𝑓𝑓ሺ𝒙𝒙𝒌𝒌−𝟏𝟏ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1
 

Recall 

(Left Riemann Sum) 

𝐴𝐴 ≈ 𝑀𝑀𝑛𝑛 = ෍ 𝑓𝑓 ቀ  
                    ቁ

𝑛𝑛

𝑘𝑘=1
Δ𝑥𝑥

(Midpoint Riemann sum) 

New 

𝐴𝐴 ≈ 𝑅𝑅𝑛𝑛 = ෍ 𝑓𝑓ሺ_____ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1

(Right Riemann sum) 

New 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌−𝟏𝟏 𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝐿𝐿𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑅𝑅𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑀𝑀𝑛𝑛 = ෍ሺ                                ሻሺ____ሻ
___

𝑘𝑘=1
 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝒙𝒙  

𝒚𝒚 

𝒙𝒙𝒌𝒌−𝟏𝟏 2 

5 
4 
3 
2 
1 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

Le
ft

Ri
gh

t

EXAMPLE Set up the left, right, and midpoint Riemann sums for 𝑓𝑓ሺ𝑥𝑥ሻ = 4 − 𝑥𝑥2 on [0,2]. 

 
Left, Right, & Midpoint Riemann Sums 

◆ Recall: When estimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.  

● For Riemann sums, we can do the same thing. 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Left, Right, & Midpoint Riemann Sums 

Le
ft 

Ri
gh

t 
M

id
po

in
t 

𝑥𝑥𝑘𝑘
∗ = 𝒙𝒙𝒌𝒌−𝟏𝟏 is the left endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ = ______ is the right endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ =                                    

  is the midpoint of subinterval 

𝒙𝒙𝒌𝒌−𝟏𝟏 = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝒙𝒙𝒌𝒌 = 𝑎𝑎 + _____Δ𝑥𝑥  

𝑥𝑥𝑘𝑘
∗ = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝐴𝐴 ≈ 𝐿𝐿𝑛𝑛 = ෍ 𝑓𝑓ሺ𝒙𝒙𝒌𝒌−𝟏𝟏ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1
 

Recall 

(Left Riemann Sum) 

𝐴𝐴 ≈ 𝑀𝑀𝑛𝑛 = ෍ 𝑓𝑓 ቀ  
                    ቁ

𝑛𝑛

𝑘𝑘=1
Δ𝑥𝑥

(Midpoint Riemann sum) 

New 

𝐴𝐴 ≈ 𝑅𝑅𝑛𝑛 = ෍ 𝑓𝑓ሺ_____ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1

(Right Riemann sum) 

New 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌−𝟏𝟏 𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝐿𝐿𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑅𝑅𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑀𝑀𝑛𝑛 = ෍ሺ                                ሻሺ____ሻ
___

𝑘𝑘=1
 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝒙𝒙  

𝒚𝒚 

𝒙𝒙𝒌𝒌−𝟏𝟏 2 

5 
4 
3 
2 
1 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

is the midpoint of subinterval

EXAMPLE Set up the left, right, and midpoint Riemann sums for 𝑓𝑓ሺ𝑥𝑥ሻ = 4 − 𝑥𝑥2 on [0,2]. 

 
Left, Right, & Midpoint Riemann Sums 

◆ Recall: When estimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.  

● For Riemann sums, we can do the same thing. 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Left, Right, & Midpoint Riemann Sums 

Le
ft 

Ri
gh

t 
M

id
po

in
t 

𝑥𝑥𝑘𝑘
∗ = 𝒙𝒙𝒌𝒌−𝟏𝟏 is the left endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ = ______ is the right endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ =                                    

  is the midpoint of subinterval 

𝒙𝒙𝒌𝒌−𝟏𝟏 = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝒙𝒙𝒌𝒌 = 𝑎𝑎 + _____Δ𝑥𝑥  

𝑥𝑥𝑘𝑘
∗ = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝐴𝐴 ≈ 𝐿𝐿𝑛𝑛 = ෍ 𝑓𝑓ሺ𝒙𝒙𝒌𝒌−𝟏𝟏ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1
 

Recall 

(Left Riemann Sum) 

𝐴𝐴 ≈ 𝑀𝑀𝑛𝑛 = ෍ 𝑓𝑓 ቀ  
                    ቁ

𝑛𝑛

𝑘𝑘=1
Δ𝑥𝑥

(Midpoint Riemann sum) 

New 

𝐴𝐴 ≈ 𝑅𝑅𝑛𝑛 = ෍ 𝑓𝑓ሺ_____ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1

(Right Riemann sum) 

New 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌−𝟏𝟏 𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝐿𝐿𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑅𝑅𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑀𝑀𝑛𝑛 = ෍ሺ                                ሻሺ____ሻ
___

𝑘𝑘=1
 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝒙𝒙  

𝒚𝒚 

𝒙𝒙𝒌𝒌−𝟏𝟏 2 

5 
4 
3 
2 
1 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

New

EXAMPLE Set up the left, right, and midpoint Riemann sums for 𝑓𝑓ሺ𝑥𝑥ሻ = 4 − 𝑥𝑥2 on [0,2]. 

 
Left, Right, & Midpoint Riemann Sums 

◆ Recall: When estimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.  

● For Riemann sums, we can do the same thing. 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Left, Right, & Midpoint Riemann Sums 

Le
ft 

Ri
gh

t 
M

id
po

in
t 

𝑥𝑥𝑘𝑘
∗ = 𝒙𝒙𝒌𝒌−𝟏𝟏 is the left endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ = ______ is the right endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ =                                    

  is the midpoint of subinterval 

𝒙𝒙𝒌𝒌−𝟏𝟏 = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝒙𝒙𝒌𝒌 = 𝑎𝑎 + _____Δ𝑥𝑥  

𝑥𝑥𝑘𝑘
∗ = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝐴𝐴 ≈ 𝐿𝐿𝑛𝑛 = ෍ 𝑓𝑓ሺ𝒙𝒙𝒌𝒌−𝟏𝟏ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1
 

Recall 

(Left Riemann Sum) 

𝐴𝐴 ≈ 𝑀𝑀𝑛𝑛 = ෍ 𝑓𝑓 ቀ  
                    ቁ

𝑛𝑛

𝑘𝑘=1
Δ𝑥𝑥

(Midpoint Riemann sum) 

New 

𝐴𝐴 ≈ 𝑅𝑅𝑛𝑛 = ෍ 𝑓𝑓ሺ_____ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1

(Right Riemann sum) 

New 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌−𝟏𝟏 𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝐿𝐿𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑅𝑅𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑀𝑀𝑛𝑛 = ෍ሺ                                ሻሺ____ሻ
___

𝑘𝑘=1
 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝒙𝒙  

𝒚𝒚 

𝒙𝒙𝒌𝒌−𝟏𝟏 2 

5 
4 
3 
2 
1 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

EXAMPLE Set up the left, right, and midpoint Riemann sums for 𝑓𝑓ሺ𝑥𝑥ሻ = 4 − 𝑥𝑥2 on [0,2]. 

 
Left, Right, & Midpoint Riemann Sums 

◆ Recall: When estimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.  

● For Riemann sums, we can do the same thing. 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Left, Right, & Midpoint Riemann Sums 

Le
ft 

Ri
gh

t 
M

id
po

in
t 

𝑥𝑥𝑘𝑘
∗ = 𝒙𝒙𝒌𝒌−𝟏𝟏 is the left endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ = ______ is the right endpoint of subinterval 

𝑥𝑥𝑘𝑘
∗ =                                    

  is the midpoint of subinterval 

𝒙𝒙𝒌𝒌−𝟏𝟏 = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝒙𝒙𝒌𝒌 = 𝑎𝑎 + _____Δ𝑥𝑥  

𝑥𝑥𝑘𝑘
∗ = 𝑎𝑎 + ___________Δ𝑥𝑥  

𝐴𝐴 ≈ 𝐿𝐿𝑛𝑛 = ෍ 𝑓𝑓ሺ𝒙𝒙𝒌𝒌−𝟏𝟏ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1
 

Recall 

(Left Riemann Sum) 

𝐴𝐴 ≈ 𝑀𝑀𝑛𝑛 = ෍ 𝑓𝑓 ቀ  
                    ቁ

𝑛𝑛

𝑘𝑘=1
Δ𝑥𝑥

(Midpoint Riemann sum) 

New 

𝐴𝐴 ≈ 𝑅𝑅𝑛𝑛 = ෍ 𝑓𝑓ሺ_____ሻΔ𝑥𝑥
𝑛𝑛

𝑘𝑘=1

(Right Riemann sum) 

New 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
1 

𝒙𝒙𝒌𝒌−𝟏𝟏 𝒙𝒙𝒌𝒌 

𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝐿𝐿𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑅𝑅𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
___

𝑘𝑘=1
 

𝑀𝑀𝑛𝑛 = ෍ሺ                                ሻሺ____ሻ
___

𝑘𝑘=1
 

𝒙𝒙  

𝒚𝒚 

2 

5 
4 
3 
2 
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EXAMPLE Set up the left, right, and midpoint Riemann sums for 𝑓𝑓ሺ𝑥𝑥ሻ = 4 − 𝑥𝑥2 on [0,2]. 
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◆ Recall: When estimating area under a curve, we can use fcn values at the left endpoint, right endpoint, or midpoint.  
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𝐴𝐴 ≈ 𝑅𝑅𝑛𝑛 = ෍ 𝑓𝑓ሺ_____ሻΔ𝑥𝑥
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𝒇𝒇ሺ𝒙𝒙ሻ = 𝟒𝟒 − 𝒙𝒙𝟐𝟐 

𝐿𝐿𝑛𝑛 = ෍ሺ_______________ሻሺ____ሻ
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TOPIC: RIEMANN SUMS

PRACTICE
Approximate the area under the curve                          over the interval         using the Right Riemann
sum with 8 subintervals.

PRACTICE
Approximate the area under the curve                     over the interval           using the Midpoint Riemann
sum with           subintervals.
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       PRACTICE Approximate the area under the curve 𝑓𝑓(𝑥𝑥) = √𝑥𝑥 + 3 over the interval [1,5] using the Right Riemann sum 
with 8 subintervals. 

 

       PRACTICE Approximate the area under the curve 𝑓𝑓(𝑥𝑥) = 2
3𝑥𝑥+5 over the interval [4, 10] using the Midpoint Riemann 

sum with 𝑛𝑛 = 3 subintervals. 
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       PRACTICE Approximate the area under the curve 𝑓𝑓(𝑥𝑥) = √𝑥𝑥 + 3 over the interval [1,5] using the Right Riemann sum 
with 8 subintervals. 

 

       PRACTICE Approximate the area under the curve 𝑓𝑓(𝑥𝑥) = 2
3𝑥𝑥+5 over the interval [4, 10] using the Midpoint Riemann 

sum with 𝑛𝑛 = 3 subintervals. 
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       PRACTICE Approximate the area under the curve 𝑓𝑓(𝑥𝑥) = √𝑥𝑥 + 3 over the interval [1,5] using the Right Riemann sum 
with 8 subintervals. 

 

       PRACTICE Approximate the area under the curve 𝑓𝑓(𝑥𝑥) = 2
3𝑥𝑥+5 over the interval [4, 10] using the Midpoint Riemann 

sum with 𝑛𝑛 = 3 subintervals. 
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TOPIC: RIEMANN SUMS

EXAMPLE
Set up and solve the left, right, and midpoint Riemann sums for                   on the interval        . Use 4EXAMPLE Set up and solve the left, right, and midpoint Riemann sums for 𝑓𝑓(𝑥𝑥) = 𝑥𝑥3 on the interval [0, 4]. Use 4 

subintervals. Tell which is an overestimate, and which is an underestimate. 
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