
TOPIC: THE SECOND DERIVATIVE TEST
The Second Derivative Test: Finding Local Extrema

◆ Recall: The sign of the second derivative      tells us whether a function is concave up       or down      .

 Determine whether a ___________ point is a local max or min based on its concavity at that point.▶ 

EXAMPLE
Locate the local extrema of         using the second HOW TO: Find Local Extrema

 
 

EXAMPLE If 𝑦𝑦 = 𝑥𝑥3 and 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 2, find 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑  when 𝑥𝑥 = 4. 

   

    Implicit Diff.      Related Rates Recall New 

 
Intro to Related Rates 

◆ When 2+ related variables are changing w/ time, we use ______-derivatives to see how one affects another.   

● To take the time derivative of EVERY term, use implicit differentiation.  

 

 

   
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Take  
       on both sides using implicit diff. 

2) Isolate the target rate of change 

3) Plug in known values/rates & solve 

  

HOW TO: Solve Related Rates 𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3) 

2𝑦𝑦 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 + 5 = 3𝑥𝑥2 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅   

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 3𝑥𝑥2 − 5

2𝑦𝑦  

𝑦𝑦 = 𝑥𝑥3 
 

Find where

Plug values from      into     . If. . .

 
 

EXAMPLE 
As an ice cube melts, each side changes at −3 cm

min. Find the 

rate of change of the ice cube’s volume when each side is 
0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  

● For “real world” problems, we need to determine what shapes are formed & how they change over time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 

     
      

     
      

 
 

EXAMPLE 
As an ice cube melts, each side changes at −3 cm

min. Find the 

rate of change of the ice cube’s volume when each side is 
0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  

● For “real world” problems, we need to determine what shapes are formed & how they change over time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 

     
      

     
      

Using Second Derivative Test

Second Derivative Test

Suppose      is continuous on an open interval containing   . 

EXAMPLE Locate the local extrema of the function 𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4.  

 
The First Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the derivative tells us whether a function is increasing (𝑓𝑓′ is +) or decreasing (𝑓𝑓′ is −). 

● Local extrema occur where the sign of the derivative 𝑓𝑓′ ____________. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 

BIZ REG 

First Derivative Test: 

Suppose 𝑐𝑐 is a critical point of a continuous function 𝑓𝑓. If at 𝑐𝑐, 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ does _____ change sign,   𝑓𝑓  has ____ local extrema    at 𝑐𝑐. 

 

1) Find critical points: 

 

2) Make sign chart intervals based  

    on critical points 

3) Plug value from each int. into 𝑓𝑓′ 
 
 
 
 
 

4) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

HOW TO: Find Local Extrema 
Using First Derivative Test 

If 𝑓𝑓′ changes from: 

   + → −, crit. pt. is local MAX 
 
   − →  +, crit. pt. is local MIN  

𝑓𝑓’ሺ𝑥𝑥ሻ = 0 or  𝑓𝑓′ሺ𝑥𝑥ሻ DNE 

𝒙𝒙 

𝑓𝑓’ሺ𝑥𝑥ሻ = 3𝑥𝑥2 − 6𝑥𝑥 

           = 3𝑥𝑥ሺ𝑥𝑥 − 2ሻ 

EXAMPLE Locate the local extrema of the function 𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4.  

 
The First Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the derivative tells us whether a function is increasing (𝑓𝑓′ is +) or decreasing (𝑓𝑓′ is −). 

● Local extrema occur where the sign of the derivative 𝑓𝑓′ ____________. 
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First Derivative Test: 

Suppose 𝑐𝑐 is a critical point of a continuous function 𝑓𝑓. If at 𝑐𝑐, 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ does _____ change sign,   𝑓𝑓  has ____ local extrema    at 𝑐𝑐. 

 

1) Find critical points: 

 

2) Make sign chart intervals based  

    on critical points 

3) Plug value from each int. into 𝑓𝑓′ 
 
 
 
 
 

4) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

HOW TO: Find Local Extrema 
Using First Derivative Test 

If 𝑓𝑓′ changes from: 

   + → −, crit. pt. is local MAX 
 
   − →  +, crit. pt. is local MIN  

𝑓𝑓’ሺ𝑥𝑥ሻ = 0 or  𝑓𝑓′ሺ𝑥𝑥ሻ DNE 

𝒙𝒙 

𝑓𝑓’ሺ𝑥𝑥ሻ = 3𝑥𝑥2 − 6𝑥𝑥 

           = 3𝑥𝑥ሺ𝑥𝑥 − 2ሻ 

EXAMPLE Locate the local extrema of the function 𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4.  

 
The First Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the derivative tells us whether a function is increasing (𝑓𝑓′ is +) or decreasing (𝑓𝑓′ is −). 

● Local extrema occur where the sign of the derivative 𝑓𝑓′ ____________. 
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First Derivative Test: 

Suppose 𝑐𝑐 is a critical point of a continuous function 𝑓𝑓. If at 𝑐𝑐, 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ does _____ change sign,   𝑓𝑓  has ____ local extrema    at 𝑐𝑐. 

 

1) Find critical points: 

 

2) Make sign chart intervals based  

    on critical points 

3) Plug value from each int. into 𝑓𝑓′ 
 
 
 
 
 

4) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

HOW TO: Find Local Extrema 
Using First Derivative Test 

If 𝑓𝑓′ changes from: 

   + → −, crit. pt. is local MAX 
 
   − →  +, crit. pt. is local MIN  

𝑓𝑓’ሺ𝑥𝑥ሻ = 0 or  𝑓𝑓′ሺ𝑥𝑥ሻ DNE 

𝒙𝒙 

𝑓𝑓’ሺ𝑥𝑥ሻ = 3𝑥𝑥2 − 6𝑥𝑥 

           = 3𝑥𝑥ሺ𝑥𝑥 − 2ሻ 

If asked: Find value of max/min by

plugging crit. pt. into _____

EXAMPLE Locate the local extrema of 𝑓𝑓ሺ𝑥𝑥ሻ using the second derivative test.  

 
The Second Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the 2nd derivative tells us whether a function is concave up (𝑓𝑓′′ is +) or down (𝑓𝑓′′ is −). 

● Determine whether a _________ point is a local max or min based on its concavity at that point. 
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Second Derivative Test 

Suppose 𝑓𝑓′′ is continuous on an open interval containing 𝑐𝑐.  

If 𝑓𝑓′ሺ𝑐𝑐ሻ = ____  AND… 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then _____, use _______ derivative test. 

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = ____* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

Not always right after concavity 

+, pt. is local MAX 

−, pt. is local MIN  

If                        AND. . .

EXAMPLE Locate the local extrema of 𝑓𝑓ሺ𝑥𝑥ሻ using the second derivative test.  

 
The Second Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the 2nd derivative tells us whether a function is concave up (𝑓𝑓′′ is +) or down (𝑓𝑓′′ is −). 

● Determine whether a _________ point is a local max or min based on its concavity at that point. 
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Second Derivative Test 

Suppose 𝑓𝑓′′ is continuous on an open interval containing 𝑐𝑐.  

If 𝑓𝑓′ሺ𝑐𝑐ሻ = ____  AND… 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then _____, use _______ derivative test. 

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = ____* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

Not always right after concavity 

+, pt. is local MAX 

−, pt. is local MIN  

           is ___, then    has a local                       at   .

EXAMPLE Locate the local extrema of the function 𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4.  

 
The First Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the derivative tells us whether a function is increasing (𝑓𝑓′ is +) or decreasing (𝑓𝑓′ is −). 

● Local extrema occur where the sign of the derivative 𝑓𝑓′ ____________. 
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First Derivative Test: 

Suppose 𝑐𝑐 is a critical point of a continuous function 𝑓𝑓. If at 𝑐𝑐, 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ does _____ change sign,   𝑓𝑓  has ____ local extrema    at 𝑐𝑐. 

 

1) Find critical points: 

 

2) Make sign chart intervals based  

    on critical points 

3) Plug value from each int. into 𝑓𝑓′ 
 
 
 
 
 

4) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

HOW TO: Find Local Extrema 
Using First Derivative Test 

If 𝑓𝑓′ changes from: 

   + → −, crit. pt. is local MAX 
 
   − →  +, crit. pt. is local MIN  

𝑓𝑓’ሺ𝑥𝑥ሻ = 0 or  𝑓𝑓′ሺ𝑥𝑥ሻ DNE 

𝒙𝒙 

𝑓𝑓’ሺ𝑥𝑥ሻ = 3𝑥𝑥2 − 6𝑥𝑥 

           = 3𝑥𝑥ሺ𝑥𝑥 − 2ሻ 

EXAMPLE Locate the local extrema of the function 𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4.  

 
The First Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the derivative tells us whether a function is increasing (𝑓𝑓′ is +) or decreasing (𝑓𝑓′ is −). 

● Local extrema occur where the sign of the derivative 𝑓𝑓′ ____________. 
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First Derivative Test: 

Suppose 𝑐𝑐 is a critical point of a continuous function 𝑓𝑓. If at 𝑐𝑐, 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ does _____ change sign,   𝑓𝑓  has ____ local extrema    at 𝑐𝑐. 

 

1) Find critical points: 

 

2) Make sign chart intervals based  

    on critical points 

3) Plug value from each int. into 𝑓𝑓′ 
 
 
 
 
 

4) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

HOW TO: Find Local Extrema 
Using First Derivative Test 

If 𝑓𝑓′ changes from: 

   + → −, crit. pt. is local MAX 
 
   − →  +, crit. pt. is local MIN  

𝑓𝑓’ሺ𝑥𝑥ሻ = 0 or  𝑓𝑓′ሺ𝑥𝑥ሻ DNE 

𝒙𝒙 

𝑓𝑓’ሺ𝑥𝑥ሻ = 3𝑥𝑥2 − 6𝑥𝑥 

           = 3𝑥𝑥ሺ𝑥𝑥 − 2ሻ 

EXAMPLE Locate the local extrema of 𝑓𝑓ሺ𝑥𝑥ሻ using the second derivative test.  

 
The Second Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the 2nd derivative tells us whether a function is concave up (𝑓𝑓′′ is +) or down (𝑓𝑓′′ is −). 

● Determine whether a _________ point is a local max or min based on its concavity at that point. 
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Second Derivative Test 

Suppose 𝑓𝑓′′ is continuous on an open interval containing 𝑐𝑐.  

If 𝑓𝑓′ሺ𝑐𝑐ሻ = ____  AND… 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then _____, use _______ derivative test. 

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = ____* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

Not always right after concavity 

+, pt. is local MAX 

−, pt. is local MIN  

EXAMPLE Locate the local extrema of 𝑓𝑓ሺ𝑥𝑥ሻ using the second derivative test.  

 
The Second Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the 2nd derivative tells us whether a function is concave up (𝑓𝑓′′ is +) or down (𝑓𝑓′′ is −). 

● Determine whether a _________ point is a local max or min based on its concavity at that point. 
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Second Derivative Test 

Suppose 𝑓𝑓′′ is continuous on an open interval containing 𝑐𝑐.  

If 𝑓𝑓′ሺ𝑐𝑐ሻ = ____  AND… 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then _____, use _______ derivative test. 

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = ____* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

Not always right after concavity 

+, pt. is local MAX 

−, pt. is local MIN  

           is ___, then    has a local                       at   .

EXAMPLE Locate the local extrema of the function 𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4.  

 
The First Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the derivative tells us whether a function is increasing (𝑓𝑓′ is +) or decreasing (𝑓𝑓′ is −). 

● Local extrema occur where the sign of the derivative 𝑓𝑓′ ____________. 
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First Derivative Test: 

Suppose 𝑐𝑐 is a critical point of a continuous function 𝑓𝑓. If at 𝑐𝑐, 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ does _____ change sign,   𝑓𝑓  has ____ local extrema    at 𝑐𝑐. 

 

1) Find critical points: 

 

2) Make sign chart intervals based  

    on critical points 

3) Plug value from each int. into 𝑓𝑓′ 
 
 
 
 
 

4) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

HOW TO: Find Local Extrema 
Using First Derivative Test 

If 𝑓𝑓′ changes from: 

   + → −, crit. pt. is local MAX 
 
   − →  +, crit. pt. is local MIN  

𝑓𝑓’ሺ𝑥𝑥ሻ = 0 or  𝑓𝑓′ሺ𝑥𝑥ሻ DNE 

𝒙𝒙 

𝑓𝑓’ሺ𝑥𝑥ሻ = 3𝑥𝑥2 − 6𝑥𝑥 

           = 3𝑥𝑥ሺ𝑥𝑥 − 2ሻ 

EXAMPLE Locate the local extrema of the function 𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4.  

 
The First Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the derivative tells us whether a function is increasing (𝑓𝑓′ is +) or decreasing (𝑓𝑓′ is −). 

● Local extrema occur where the sign of the derivative 𝑓𝑓′ ____________. 
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First Derivative Test: 

Suppose 𝑐𝑐 is a critical point of a continuous function 𝑓𝑓. If at 𝑐𝑐, 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ does _____ change sign,   𝑓𝑓  has ____ local extrema    at 𝑐𝑐. 

 

1) Find critical points: 

 

2) Make sign chart intervals based  

    on critical points 

3) Plug value from each int. into 𝑓𝑓′ 
 
 
 
 
 

4) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

HOW TO: Find Local Extrema 
Using First Derivative Test 

If 𝑓𝑓′ changes from: 

   + → −, crit. pt. is local MAX 
 
   − →  +, crit. pt. is local MIN  

𝑓𝑓’ሺ𝑥𝑥ሻ = 0 or  𝑓𝑓′ሺ𝑥𝑥ሻ DNE 

𝒙𝒙 

𝑓𝑓’ሺ𝑥𝑥ሻ = 3𝑥𝑥2 − 6𝑥𝑥 

           = 3𝑥𝑥ሺ𝑥𝑥 − 2ሻ 

EXAMPLE Locate the local extrema of 𝑓𝑓ሺ𝑥𝑥ሻ using the second derivative test.  
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First Derivative Test: 

Suppose 𝑐𝑐 is a critical point of a continuous function 𝑓𝑓. If at 𝑐𝑐, 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ does _____ change sign,   𝑓𝑓  has ____ local extrema    at 𝑐𝑐. 

 

1) Find critical points: 

 

2) Make sign chart intervals based  

    on critical points 

3) Plug value from each int. into 𝑓𝑓′ 
 
 
 
 
 

4) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

HOW TO: Find Local Extrema 
Using First Derivative Test 

If 𝑓𝑓′ changes from: 

   + → −, crit. pt. is local MAX 
 
   − →  +, crit. pt. is local MIN  

𝑓𝑓’ሺ𝑥𝑥ሻ = 0 or  𝑓𝑓′ሺ𝑥𝑥ሻ DNE 

𝒙𝒙 

𝑓𝑓’ሺ𝑥𝑥ሻ = 3𝑥𝑥2 − 6𝑥𝑥 

           = 3𝑥𝑥ሺ𝑥𝑥 − 2ሻ 

pt. is local MIN

EXAMPLE Locate the local extrema of 𝑓𝑓ሺ𝑥𝑥ሻ using the second derivative test.  

 
The Second Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the 2nd derivative tells us whether a function is concave up (𝑓𝑓′′ is +) or down (𝑓𝑓′′ is −). 

● Determine whether a _________ point is a local max or min based on its concavity at that point. 
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• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then _____, use _______ derivative test. 

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = ____* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

Not always right after concavity 

−, pt. is local MAX 

+, pt. is local MIN  

EXAMPLE Locate the local extrema of 𝑓𝑓ሺ𝑥𝑥ሻ using the second derivative test.  

 
The Second Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the second derivative 𝑓𝑓′′ tells us whether a function is concave up (+) or down (−). 

● Determine whether a _________ point is a local max or min based on its concavity at that point. 
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Second Derivative Test 

Suppose 𝑓𝑓′′ is continuous on an open interval containing 𝑐𝑐.  

If 𝑓𝑓′ሺ𝑐𝑐ሻ = ____  AND… 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then _____, use _______ derivative test. 

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = ____* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

Not always right after concavity 

−, pt. is local MAX 

+, pt. is local MIN  
pt. is local MAX



TOPIC: THE SECOND DERIVATIVE TEST

PRACTICE Use the second derivative test to find the local extrema of the given function.

  

EXAMPLE Find the derivative of each function. 

The Power Rule 

◆ To find the derivative of ANY power fcn 𝑓𝑓(𝑥𝑥) = 𝑥𝑥𝑛𝑛, multiply by original exponent, then decrease exponent by ___. 

 
 
 
 
 
 
 
 
 
 

RULES OF DIFFERENTIATION 

Name Rule Example 

Power   

BIZ REG 

(𝑨𝑨) (𝑩𝑩) 

𝑔𝑔(𝑥𝑥) = 3𝑥𝑥2  𝑓𝑓(𝑥𝑥) = 𝑥𝑥4 + 𝑥𝑥3 

𝑑𝑑
𝑑𝑑𝑥𝑥 𝑥𝑥𝑛𝑛 = 

𝑑𝑑
𝑑𝑑𝑥𝑥 𝑥𝑥6 = 

  

EXAMPLE Find the derivative of each function. 

The Power Rule 

◆ To find the derivative of ANY power fcn 𝑓𝑓(𝑥𝑥) = 𝑥𝑥𝑛𝑛, multiply by original exponent, then decrease exponent by ___. 

 
 
 
 
 
 
 
 
 
 

RULES OF DIFFERENTIATION 

Name Rule Example 

Power   

BIZ REG 

(𝑨𝑨) (𝑩𝑩) 

𝑔𝑔(𝑥𝑥) = 3𝑥𝑥2  𝑓𝑓(𝑥𝑥) = 𝑥𝑥4 + 𝑥𝑥3 

𝑑𝑑
𝑑𝑑𝑥𝑥 𝑥𝑥𝑛𝑛 = 

𝑑𝑑
𝑑𝑑𝑥𝑥 𝑥𝑥6 = 

TOPIC: THE FIRST DERIVATIVE TEST 
   
  

 

       PRACTICE Identify the open intervals on which the function is increasing or decreasing.  

𝑓𝑓ሺ𝑥𝑥ሻ = 3𝑥𝑥4 + 8𝑥𝑥3 − 18𝑥𝑥2 + 7 

1) Find critical points: 

 

2) Make sign chart intervals based  

    on critical points 

3) Plug value from each int. into 𝑓𝑓′:   

HOW TO: Determine Intervals 
of Increase & Decrease 

If +, 𝑓𝑓 INC on interval 

If −, 𝑓𝑓 DEC on interval 

  

𝑓𝑓′ሺ𝑥𝑥ሻ = 0 or  𝑓𝑓′ሺ𝑥𝑥ሻ DNE 

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥2/3 ሺ4 − 𝑥𝑥ሻ  

𝑓𝑓ሺ𝑥𝑥ሻ = sin2 𝑥𝑥 on [0, 𝜋𝜋] 

ሺ𝑨𝑨ሻ 

ሺ𝑩𝑩ሻ 

ሺ𝑪𝑪ሻ 

TOPIC: THE SECOND DERIVATIVE TEST  
  

  

 

       PRACTICE Use the second derivative test to find the local extrema of the given function. 

𝑔𝑔ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 6𝑥𝑥2 + 9𝑥𝑥 + 2 

  

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = 𝟎𝟎* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into 𝒇𝒇ሺ𝒙𝒙ሻ  
 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

−, pt. is local MAX 

+, pt. is local MIN  

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥2 − 4
𝑥𝑥2 + 1 

 

𝑓𝑓ሺ𝑥𝑥ሻ = 4 sin 𝑥𝑥 cos 𝑥𝑥; 0 < 𝑥𝑥 < 𝜋𝜋 

 

ሺ𝑨𝑨ሻ 

ሺ𝑩𝑩ሻ 

ሺ𝑪𝑪ሻ 

TOPIC: THE SECOND DERIVATIVE TEST  
  

  

 

       PRACTICE Use the second derivative test to find the local extrema of the given function. 

𝑔𝑔ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 6𝑥𝑥2 + 9𝑥𝑥 + 2 

  

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = 𝟎𝟎* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into 𝒇𝒇ሺ𝒙𝒙ሻ  
 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

−, pt. is local MAX 

+, pt. is local MIN  

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥2 − 4
𝑥𝑥2 + 1 

 

𝑓𝑓ሺ𝑥𝑥ሻ = 4 sin 𝑥𝑥 cos 𝑥𝑥; 0 < 𝑥𝑥 < 𝜋𝜋 

 

ሺ𝑨𝑨ሻ 

ሺ𝑩𝑩ሻ 

ሺ𝑪𝑪ሻ 

TOPIC: THE SECOND DERIVATIVE TEST  
  

  

 

       PRACTICE Use the second derivative test to find the local extrema of the given function. 

𝑔𝑔ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 6𝑥𝑥2 + 9𝑥𝑥 + 2 

  

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = 𝟎𝟎* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into 𝒇𝒇ሺ𝒙𝒙ሻ  
 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

−, pt. is local MAX 

+, pt. is local MIN  

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥2 − 4
𝑥𝑥2 + 1 

 

𝑓𝑓ሺ𝑥𝑥ሻ = 4 sin 𝑥𝑥 cos 𝑥𝑥; 0 < 𝑥𝑥 < 𝜋𝜋 

 

ሺ𝑨𝑨ሻ 

ሺ𝑩𝑩ሻ 

ሺ𝑪𝑪ሻ 

HOW TO: Find Local Extrema

 
 

EXAMPLE If 𝑦𝑦 = 𝑥𝑥3 and 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 2, find 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑  when 𝑥𝑥 = 4. 

   

    Implicit Diff.      Related Rates Recall New 

 
Intro to Related Rates 

◆ When 2+ related variables are changing w/ time, we use ______-derivatives to see how one affects another.   

● To take the time derivative of EVERY term, use implicit differentiation.  

 

 

   
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Take  
       on both sides using implicit diff. 

2) Isolate the target rate of change 

3) Plug in known values/rates & solve 

  

HOW TO: Solve Related Rates 𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3) 

2𝑦𝑦 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 + 5 = 3𝑥𝑥2 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅   

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 3𝑥𝑥2 − 5

2𝑦𝑦  

𝑦𝑦 = 𝑥𝑥3 
 

Find where

Plug values from      into     . If. . .

 
 

EXAMPLE 
As an ice cube melts, each side changes at −3 cm

min. Find the 

rate of change of the ice cube’s volume when each side is 
0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  

● For “real world” problems, we need to determine what shapes are formed & how they change over time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 

     
      

     
      

 
 

EXAMPLE 
As an ice cube melts, each side changes at −3 cm

min. Find the 

rate of change of the ice cube’s volume when each side is 
0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  

● For “real world” problems, we need to determine what shapes are formed & how they change over time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 

     
      

     
      

Using Second Derivative Test

EXAMPLE Locate the local extrema of the function 𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4.  

 
The First Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the derivative tells us whether a function is increasing (𝑓𝑓′ is +) or decreasing (𝑓𝑓′ is −). 

● Local extrema occur where the sign of the derivative 𝑓𝑓′ ____________. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 

BIZ REG 

First Derivative Test: 

Suppose 𝑐𝑐 is a critical point of a continuous function 𝑓𝑓. If at 𝑐𝑐, 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ does _____ change sign,   𝑓𝑓  has ____ local extrema    at 𝑐𝑐. 

 

1) Find critical points: 

 

2) Make sign chart intervals based  

    on critical points 

3) Plug value from each int. into 𝑓𝑓′ 
 
 
 
 
 

4) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

HOW TO: Find Local Extrema 
Using First Derivative Test 

If 𝑓𝑓′ changes from: 

   + → −, crit. pt. is local MAX 
 
   − →  +, crit. pt. is local MIN  

𝑓𝑓’ሺ𝑥𝑥ሻ = 0 or  𝑓𝑓′ሺ𝑥𝑥ሻ DNE 

𝒙𝒙 

𝑓𝑓’ሺ𝑥𝑥ሻ = 3𝑥𝑥2 − 6𝑥𝑥 

           = 3𝑥𝑥ሺ𝑥𝑥 − 2ሻ 

If asked: Find value of max/min by

plugging crit. pt. into

EXAMPLE Locate the local extrema of 𝑓𝑓ሺ𝑥𝑥ሻ using the second derivative test.  

 
The Second Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the 2nd derivative tells us whether a function is concave up (𝑓𝑓′′ is +) or down (𝑓𝑓′′ is −). 

● Determine whether a _________ point is a local max or min based on its concavity at that point. 
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Second Derivative Test 

Suppose 𝑓𝑓′′ is continuous on an open interval containing 𝑐𝑐.  

If 𝑓𝑓′ሺ𝑐𝑐ሻ = ____  AND… 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then _____, use _______ derivative test. 

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = ____* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

Not always right after concavity 

+, pt. is local MAX 

−, pt. is local MIN  

EXAMPLE Locate the local extrema of 𝑓𝑓ሺ𝑥𝑥ሻ using the second derivative test.  

 
The Second Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the 2nd derivative tells us whether a function is concave up (𝑓𝑓′′ is +) or down (𝑓𝑓′′ is −). 

● Determine whether a _________ point is a local max or min based on its concavity at that point. 
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Second Derivative Test 

Suppose 𝑓𝑓′′ is continuous on an open interval containing 𝑐𝑐.  

If 𝑓𝑓′ሺ𝑐𝑐ሻ = ____  AND… 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then _____, use _______ derivative test. 

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = ____* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

Not always right after concavity 

+, pt. is local MAX 

−, pt. is local MIN  

EXAMPLE Locate the local extrema of 𝑓𝑓ሺ𝑥𝑥ሻ using the second derivative test.  

 
The Second Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the 2nd derivative tells us whether a function is concave up (𝑓𝑓′′ is +) or down (𝑓𝑓′′ is −). 

● Determine whether a _________ point is a local max or min based on its concavity at that point. 
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Second Derivative Test 

Suppose 𝑓𝑓′′ is continuous on an open interval containing 𝑐𝑐.  

If 𝑓𝑓′ሺ𝑐𝑐ሻ = ____  AND… 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then _____, use _______ derivative test. 

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = ____* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

Not always right after concavity 

+, pt. is local MAX 

−, pt. is local MIN  

EXAMPLE Locate the local extrema of 𝑓𝑓ሺ𝑥𝑥ሻ using the second derivative test.  

 
The Second Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the 2nd derivative tells us whether a function is concave up (𝑓𝑓′′ is +) or down (𝑓𝑓′′ is −). 

● Determine whether a _________ point is a local max or min based on its concavity at that point. 
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Second Derivative Test 

Suppose 𝑓𝑓′′ is continuous on an open interval containing 𝑐𝑐.  

If 𝑓𝑓′ሺ𝑐𝑐ሻ = ____  AND… 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then _____, use _______ derivative test. 

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = ____* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

Not always right after concavity 

+, pt. is local MAX 

−, pt. is local MIN  

EXAMPLE Locate the local extrema of the function 𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4.  

 
The First Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the derivative tells us whether a function is increasing (𝑓𝑓′ is +) or decreasing (𝑓𝑓′ is −). 

● Local extrema occur where the sign of the derivative 𝑓𝑓′ ____________. 
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First Derivative Test: 

Suppose 𝑐𝑐 is a critical point of a continuous function 𝑓𝑓. If at 𝑐𝑐, 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ does _____ change sign,   𝑓𝑓  has ____ local extrema    at 𝑐𝑐. 

 

1) Find critical points: 

 

2) Make sign chart intervals based  

    on critical points 

3) Plug value from each int. into 𝑓𝑓′ 
 
 
 
 
 

4) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

HOW TO: Find Local Extrema 
Using First Derivative Test 

If 𝑓𝑓′ changes from: 

   + → −, crit. pt. is local MAX 
 
   − →  +, crit. pt. is local MIN  

𝑓𝑓’ሺ𝑥𝑥ሻ = 0 or  𝑓𝑓′ሺ𝑥𝑥ሻ DNE 

𝒙𝒙 

𝑓𝑓’ሺ𝑥𝑥ሻ = 3𝑥𝑥2 − 6𝑥𝑥 

           = 3𝑥𝑥ሺ𝑥𝑥 − 2ሻ 

pt. is local MIN

EXAMPLE Locate the local extrema of 𝑓𝑓ሺ𝑥𝑥ሻ using the second derivative test.  

 
The Second Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the 2nd derivative tells us whether a function is concave up (𝑓𝑓′′ is +) or down (𝑓𝑓′′ is −). 

● Determine whether a _________ point is a local max or min based on its concavity at that point. 
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Second Derivative Test 

Suppose 𝑓𝑓′′ is continuous on an open interval containing 𝑐𝑐.  

If 𝑓𝑓′ሺ𝑐𝑐ሻ = ____  AND… 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then _____, use _______ derivative test. 

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = ____* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

Not always right after concavity 

+, pt. is local MAX 

−, pt. is local MIN  

pt. is local MAX

TOPIC: THE SECOND DERIVATIVE TEST  
  

  

 

       PRACTICE Use the second derivative test to find the local extrema of the given function. 

𝑔𝑔ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 6𝑥𝑥2 + 9𝑥𝑥 + 2 

  

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = 𝟎𝟎* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into 𝒇𝒇ሺ𝒙𝒙ሻ  
 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

−, pt. is local MAX 

+, pt. is local MIN  

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥2 − 4
𝑥𝑥2 + 1 

 

𝑓𝑓ሺ𝑥𝑥ሻ = 4 sin 𝑥𝑥 cos 𝑥𝑥; 0 < 𝑥𝑥 < 𝜋𝜋 

 

ሺ𝑨𝑨ሻ 

ሺ𝑩𝑩ሻ 

ሺ𝑪𝑪ሻ 

TOPIC: THE SECOND DERIVATIVE TEST  
  

  

 

       PRACTICE Use the second derivative test to find the local extrema of the given function. 

𝑔𝑔ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 6𝑥𝑥2 + 9𝑥𝑥 + 2 

  

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = 𝟎𝟎* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into 𝒇𝒇ሺ𝒙𝒙ሻ  
 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

−, pt. is local MAX 

+, pt. is local MIN  

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥2 − 4
𝑥𝑥2 + 1 

 

𝑓𝑓ሺ𝑥𝑥ሻ = 4 sin 𝑥𝑥 cos 𝑥𝑥; 0 < 𝑥𝑥 < 𝜋𝜋 

 

ሺ𝑨𝑨ሻ 

ሺ𝑩𝑩ሻ 

ሺ𝑪𝑪ሻ 



TOPIC: THE SECOND DERIVATIVE TEST

EXAMPLE Find the local extrema of                                                       .

TOPIC: THE SECOND DERIVATIVE TEST  
 

 

       EXAMPLE Find the local extrema of 𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥4 − 4𝑥𝑥3 + 6𝑥𝑥2 − 4𝑥𝑥 + 1. 

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = 𝟎𝟎* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into 𝒇𝒇ሺ𝒙𝒙ሻ  
 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

−, pt. is local MAX 

+, pt. is local MIN  

HOW TO: Find Local Extrema

 
 

EXAMPLE If 𝑦𝑦 = 𝑥𝑥3 and 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 2, find 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑  when 𝑥𝑥 = 4. 

   

    Implicit Diff.      Related Rates Recall New 

 
Intro to Related Rates 

◆ When 2+ related variables are changing w/ time, we use ______-derivatives to see how one affects another.   

● To take the time derivative of EVERY term, use implicit differentiation.  

 

 

   
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Take  
       on both sides using implicit diff. 

2) Isolate the target rate of change 

3) Plug in known values/rates & solve 

  

HOW TO: Solve Related Rates 𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3) 

2𝑦𝑦 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 + 5 = 3𝑥𝑥2 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅   

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 3𝑥𝑥2 − 5

2𝑦𝑦  

𝑦𝑦 = 𝑥𝑥3 
 

Find where

Plug values from      into     . If. . .

 
 

EXAMPLE 
As an ice cube melts, each side changes at −3 cm

min. Find the 

rate of change of the ice cube’s volume when each side is 
0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  

● For “real world” problems, we need to determine what shapes are formed & how they change over time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 

     
      

     
      

 
 

EXAMPLE 
As an ice cube melts, each side changes at −3 cm

min. Find the 

rate of change of the ice cube’s volume when each side is 
0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  

● For “real world” problems, we need to determine what shapes are formed & how they change over time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 

     
      

     
      

Using Second Derivative Test

EXAMPLE Locate the local extrema of the function 𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4.  

 
The First Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the derivative tells us whether a function is increasing (𝑓𝑓′ is +) or decreasing (𝑓𝑓′ is −). 

● Local extrema occur where the sign of the derivative 𝑓𝑓′ ____________. 
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First Derivative Test: 

Suppose 𝑐𝑐 is a critical point of a continuous function 𝑓𝑓. If at 𝑐𝑐, 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ does _____ change sign,   𝑓𝑓  has ____ local extrema    at 𝑐𝑐. 

 

1) Find critical points: 

 

2) Make sign chart intervals based  

    on critical points 

3) Plug value from each int. into 𝑓𝑓′ 
 
 
 
 
 

4) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

HOW TO: Find Local Extrema 
Using First Derivative Test 

If 𝑓𝑓′ changes from: 

   + → −, crit. pt. is local MAX 
 
   − →  +, crit. pt. is local MIN  

𝑓𝑓’ሺ𝑥𝑥ሻ = 0 or  𝑓𝑓′ሺ𝑥𝑥ሻ DNE 

𝒙𝒙 

𝑓𝑓’ሺ𝑥𝑥ሻ = 3𝑥𝑥2 − 6𝑥𝑥 

           = 3𝑥𝑥ሺ𝑥𝑥 − 2ሻ 

If asked: Find value of max/min by

plugging crit. pt. into

EXAMPLE Locate the local extrema of 𝑓𝑓ሺ𝑥𝑥ሻ using the second derivative test.  

 
The Second Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the 2nd derivative tells us whether a function is concave up (𝑓𝑓′′ is +) or down (𝑓𝑓′′ is −). 

● Determine whether a _________ point is a local max or min based on its concavity at that point. 
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Second Derivative Test 

Suppose 𝑓𝑓′′ is continuous on an open interval containing 𝑐𝑐.  

If 𝑓𝑓′ሺ𝑐𝑐ሻ = ____  AND… 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then _____, use _______ derivative test. 

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = ____* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

Not always right after concavity 

+, pt. is local MAX 

−, pt. is local MIN  

EXAMPLE Locate the local extrema of 𝑓𝑓ሺ𝑥𝑥ሻ using the second derivative test.  

 
The Second Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the 2nd derivative tells us whether a function is concave up (𝑓𝑓′′ is +) or down (𝑓𝑓′′ is −). 

● Determine whether a _________ point is a local max or min based on its concavity at that point. 
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Second Derivative Test 

Suppose 𝑓𝑓′′ is continuous on an open interval containing 𝑐𝑐.  

If 𝑓𝑓′ሺ𝑐𝑐ሻ = ____  AND… 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then _____, use _______ derivative test. 

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = ____* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

Not always right after concavity 

+, pt. is local MAX 

−, pt. is local MIN  

EXAMPLE Locate the local extrema of 𝑓𝑓ሺ𝑥𝑥ሻ using the second derivative test.  

 
The Second Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the 2nd derivative tells us whether a function is concave up (𝑓𝑓′′ is +) or down (𝑓𝑓′′ is −). 

● Determine whether a _________ point is a local max or min based on its concavity at that point. 
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Second Derivative Test 

Suppose 𝑓𝑓′′ is continuous on an open interval containing 𝑐𝑐.  

If 𝑓𝑓′ሺ𝑐𝑐ሻ = ____  AND… 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then _____, use _______ derivative test. 

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = ____* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

Not always right after concavity 

+, pt. is local MAX 

−, pt. is local MIN  

EXAMPLE Locate the local extrema of 𝑓𝑓ሺ𝑥𝑥ሻ using the second derivative test.  

 
The Second Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the 2nd derivative tells us whether a function is concave up (𝑓𝑓′′ is +) or down (𝑓𝑓′′ is −). 

● Determine whether a _________ point is a local max or min based on its concavity at that point. 
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Second Derivative Test 

Suppose 𝑓𝑓′′ is continuous on an open interval containing 𝑐𝑐.  

If 𝑓𝑓′ሺ𝑐𝑐ሻ = ____  AND… 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then _____, use _______ derivative test. 

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = ____* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

Not always right after concavity 

+, pt. is local MAX 

−, pt. is local MIN  

EXAMPLE Locate the local extrema of the function 𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4.  

 
The First Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the derivative tells us whether a function is increasing (𝑓𝑓′ is +) or decreasing (𝑓𝑓′ is −). 

● Local extrema occur where the sign of the derivative 𝑓𝑓′ ____________. 
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First Derivative Test: 

Suppose 𝑐𝑐 is a critical point of a continuous function 𝑓𝑓. If at 𝑐𝑐, 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ changes from ____ → ____, 𝑓𝑓 has a local [ MAX | MIN ] at 𝑐𝑐. 

• 𝑓𝑓′ does _____ change sign,   𝑓𝑓  has ____ local extrema    at 𝑐𝑐. 

 

1) Find critical points: 

 

2) Make sign chart intervals based  

    on critical points 

3) Plug value from each int. into 𝑓𝑓′ 
 
 
 
 
 

4) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

HOW TO: Find Local Extrema 
Using First Derivative Test 

If 𝑓𝑓′ changes from: 

   + → −, crit. pt. is local MAX 
 
   − →  +, crit. pt. is local MIN  

𝑓𝑓’ሺ𝑥𝑥ሻ = 0 or  𝑓𝑓′ሺ𝑥𝑥ሻ DNE 

𝒙𝒙 

𝑓𝑓’ሺ𝑥𝑥ሻ = 3𝑥𝑥2 − 6𝑥𝑥 

           = 3𝑥𝑥ሺ𝑥𝑥 − 2ሻ 

pt. is local MIN

EXAMPLE Locate the local extrema of 𝑓𝑓ሺ𝑥𝑥ሻ using the second derivative test.  

 
The Second Derivative Test: Finding Local Extrema 

◆ Recall: The sign of the 2nd derivative tells us whether a function is concave up (𝑓𝑓′′ is +) or down (𝑓𝑓′′ is −). 

● Determine whether a _________ point is a local max or min based on its concavity at that point. 
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Second Derivative Test 

Suppose 𝑓𝑓′′ is continuous on an open interval containing 𝑐𝑐.  

If 𝑓𝑓′ሺ𝑐𝑐ሻ = ____  AND… 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then 𝑓𝑓 has a local [ MIN | MAX ] at 𝑐𝑐. 

• 𝑓𝑓′′ሺ𝑐𝑐ሻ is ____, then _____, use _______ derivative test. 

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = ____* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into ______  

 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 3𝑥𝑥2 + 4 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

Not always right after concavity 

+, pt. is local MAX 

−, pt. is local MIN  

pt. is local MAX

TOPIC: THE SECOND DERIVATIVE TEST  
  

  

 

       PRACTICE Use the second derivative test to find the local extrema of the given function. 

𝑔𝑔ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 6𝑥𝑥2 + 9𝑥𝑥 + 2 

  

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = 𝟎𝟎* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into 𝒇𝒇ሺ𝒙𝒙ሻ  
 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

−, pt. is local MAX 

+, pt. is local MIN  

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥2 − 4
𝑥𝑥2 + 1 

 

𝑓𝑓ሺ𝑥𝑥ሻ = 4 sin 𝑥𝑥 cos 𝑥𝑥; 0 < 𝑥𝑥 < 𝜋𝜋 

 

ሺ𝑨𝑨ሻ 

ሺ𝑩𝑩ሻ 

ሺ𝑪𝑪ሻ 

TOPIC: THE SECOND DERIVATIVE TEST  
  

  

 

       PRACTICE Use the second derivative test to find the local extrema of the given function. 

𝑔𝑔ሺ𝑥𝑥ሻ = 𝑥𝑥3 − 6𝑥𝑥2 + 9𝑥𝑥 + 2 

  

1) Find where 𝑓𝑓′ሺ𝑥𝑥ሻ = 𝟎𝟎* 

2) Plug values from (1) into 𝑓𝑓′′. If… 

 

 

3) If asked: Find value of max/min by  

   plugging crit. pt. into 𝒇𝒇ሺ𝒙𝒙ሻ  
 

HOW TO: Find Local Extrema 
Using Second Derivative Test 

𝒇𝒇′′ is*:  

 

*If 𝑓𝑓′ሺ𝑥𝑥ሻ DNE or 𝑓𝑓′′ = 0, use 1st deriv. test  

−, pt. is local MAX 

+, pt. is local MIN  

𝑓𝑓ሺ𝑥𝑥ሻ = 𝑥𝑥2 − 4
𝑥𝑥2 + 1 

 

𝑓𝑓ሺ𝑥𝑥ሻ = 4 sin 𝑥𝑥 cos 𝑥𝑥; 0 < 𝑥𝑥 < 𝜋𝜋 

 

ሺ𝑨𝑨ሻ 

ሺ𝑩𝑩ሻ 

ሺ𝑪𝑪ሻ 


