
TOPIC: TWO MEANS – MATCHED PAIRS (DEPENDENT SAMPLES)
Introduction to Matched Pairs

◆ Two data sets are Matched Pairs if they are _________ & each value is paired to another in a ____ relationship.

New Matched Pairs

 Common Relationships: 1) before & after of same individual; 2) related individuals; 3) self-reported vs measured.▶ 

EXAMPLE
Determine if the samples are matched pairs. If so, calculate the difference                        between each

` EXAMPLE 
Determine if each set of samples qualify as matched pairs. If so, calculate the difference (𝑑𝑑 = 𝑥𝑥1 − 𝑥𝑥2) 
between each matched pair. Then find the mean difference (𝑑𝑑ҧ) and standard deviation (𝑠𝑠𝑑𝑑). 
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Matched Pairs New 

(𝑨𝑨)  
 

(𝑩𝑩) 

𝑛𝑛1 = 𝑛𝑛2  ☐
Same Data Types ☐ 
Samples are Related  ☐

Heart Rates (beats per minute) 
Sibling 1 84 70 68 79 71 85 90 65 56 

Sibling 2 80 73 78 91 69 77 91 81 79 

Dif. (𝒅𝒅)*          

 

𝑛𝑛1 = 𝑛𝑛2  ☐
Same Data Types ☐ 
Samples are Related  ☐

The data below shows heart rates from a 
sample of 9 pairs of adult siblings. 

Commute Times (minutes) 
Car 30 45 52 63 50 37 35 65 56 

Public 40 27 35 55 69 44 28 36  

Diff. (𝒅𝒅)          

 

The data below shows commute times of a 
sample of people who drive a car and a 
sample who use public transportation. 

*ALWAYS subtract in the same order 

matched pair. Then find the mean difference       and standard deviation       .
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of 9 adults before and after sleeping.
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The data below shows heart rates from a sample 

of adult males and females.
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TOPIC: TWO MEANS – MATCHED PAIRS (DEPENDENT SAMPLES)

EXAMPLE

For the following scenarios, determine if the two samples are independent or matched pairs.

1) A nutritionist measures the blood pressure of 30 patients before and after they begin a new diet, with the goal of  

determining whether the diet has an effect on blood pressure.

2) A teacher gives 40 students a practice exam, then a week later gives a different group of 40 students the same  

practice exam. The teacher wants to know the difference in scores.

3) A teacher gives 40 students a practice exam, then a week later gives the same 40 students a similar graded exam. The 

teacher wants to know if practice improves scores.



TOPIC: TWO MEANS – MATCHED PAIRS (DEPENDENT SAMPLES)

PRACTICE

A personal trainer is studying whether a new stretching routine improves flexibility. She records the forward reach  

(in cm) of 6 clients before and after a 4-week program. Calculate the difference (after – before) for each client, the mean 

difference, and standard deviation.

Stretching Reach (cm)
Client Before After

A 22 26

B 19 23

C 24 27

D 21 20

E 18 18

F 23 25



TOPIC: TWO MEANS – MATCHED PAIRS (DEPENDENT SAMPLES)
Matched Pairs: Hypothesis Tests

◆ When conducting Hyp. Tests using matched pairs, replace           with __________.

EXAMPLE

1 Mean Matched Pairs
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EXAMPLE 

The table summarizes a study on the success rate of a nicotine 
patch in helping people quit smoking. Perform a hypothesis test 
using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who 
quit smoking is different in the two groups. 

TOPIC: TWO PROPORTIONS 

Difference in Proportions: Hypothesis Tests 

◆ When conducting hypothesis tests with proportions given 2 samples instead of 1: 

▪ Write 𝐻𝐻0 as 𝑝𝑝1 = _____, i.e. 𝑝𝑝1 − 𝑝𝑝2 = 0 

▪ Find the 𝑧𝑧-score using the ________ sample proportion (�̅�𝑝) which is 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 # 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑠𝑠  of both groups. 

 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The table summarizes a study on the success rate of a nicotine patch in helping people quit smoking. Perform a 
hypothesis test using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who quit smoking is different in the two 
groups. 
  

Random Samples?  ☐
Independent Samples?  ☐
≥ 5 success in each sample? ☐
≥ 5 failures in each sample? ☐

𝑛𝑛1 = ____      𝑛𝑛2 = ____ 
𝑥𝑥1 = ____     𝑥𝑥2 = ____  
�̂�𝑝1 = ____     �̂�𝑝2 = ____  

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0. 

There is [ ENOUGH | NOT ENOUGH ] evidence  
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�̅�𝑞 = 
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𝑃𝑃-value: 

𝐻𝐻0:  𝐻𝐻𝑡𝑡: 
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𝑛𝑛1
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𝑛𝑛2

 

Area "beyond" 𝑧𝑧 

𝐻𝐻0: 𝑝𝑝 = # 

𝐻𝐻𝑡𝑡: 𝑝𝑝 </>/≠  # 

𝑧𝑧 = �̂�𝑝 − 𝑝𝑝

ට𝑝𝑝𝑞𝑞
𝑛𝑛

 

𝐻𝐻0: 𝑝𝑝1 = 𝑝𝑝2 

𝐻𝐻𝑡𝑡: 𝑝𝑝1 [ < | > | ≠≠ ] 𝑝𝑝2 

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we 

[ REJECT | FAIL TO REJECT ] 𝐻𝐻0. There is 

[ ENOUGH | NOT ENOUGH ] evidence to { restate 𝐻𝐻𝑡𝑡} 

�̅�𝑝 = 𝑥𝑥1 + 𝑥𝑥2
𝑛𝑛1 + 𝑛𝑛2

 

�̅�𝑞 = 1 − �̅�𝑝 

𝒛𝒛 𝒛𝒛 −𝒛𝒛 

1)

2)

3)

4)

Effectiveness of Nicotine Patch 
Placebo Non-Placebo

Subjects: 20 
# Successfully Quit: 11 

Subjects: 23 
# Successfully Quit: 17 

 

Placebo Non-Placebo 

EXAMPLE 

The table summarizes a study on the success rate of a nicotine 
patch in helping people quit smoking. Perform a hypothesis test 
using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who 
quit smoking is different in the two groups. 

TOPIC: TWO PROPORTIONS 

Difference in Proportions: Hypothesis Tests 

◆ When conducting hypothesis tests with proportions given 2 samples instead of 1: 
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EXAMPLE 

The table summarizes a study on the success rate of a nicotine 
patch in helping people quit smoking. Perform a hypothesis test 
using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who 
quit smoking is different in the two groups. 

TOPIC: TWO PROPORTIONS 

Difference in Proportions: Hypothesis Tests 

◆ When conducting hypothesis tests with proportions given 2 samples instead of 1: 

▪ Write 𝐻𝐻0 as 𝑝𝑝1 = _____, i.e. 𝑝𝑝1 − 𝑝𝑝2 = 0 

▪ Find the 𝑧𝑧-score using the ________ sample proportion (�̅�𝑝) which is 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 # 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑠𝑠  of both groups. 

 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The table summarizes a study on the success rate of a nicotine patch in helping people quit smoking. Perform a 
hypothesis test using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who quit smoking is different in the two 
groups. 
  

Random Samples?  ☐
Independent Samples?  ☐
≥ 5 success in each sample? ☐
≥ 5 failures in each sample? ☐

𝑛𝑛1 = ____      𝑛𝑛2 = ____ 
𝑥𝑥1 = ____     𝑥𝑥2 = ____  
�̂�𝑝1 = ____     �̂�𝑝2 = ____  

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0. 

There is [ ENOUGH | NOT ENOUGH ] evidence  

�̅�𝑝 = 

�̅�𝑞 = 

𝑧𝑧 = 

 

𝑃𝑃-value: 

𝐻𝐻0:  𝐻𝐻𝑡𝑡: 

 

1 Prop. 2 Proportions 
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𝑧𝑧 =

ሺ�̂�𝑝1 − �̂�𝑝2ሻ − ሺ𝑝𝑝1 − 𝑝𝑝2ሻ

ට�̅�𝑝�̅�𝑞
𝑛𝑛1

+ �̅�𝑝�̅�𝑞
𝑛𝑛2

 

Area "beyond" 𝑧𝑧 

𝐻𝐻0: 𝑝𝑝 = # 

𝐻𝐻𝑡𝑡: 𝑝𝑝 </>/≠  # 

𝑧𝑧 = �̂�𝑝 − 𝑝𝑝

ට𝑝𝑝𝑞𝑞
𝑛𝑛

 

𝐻𝐻0: 𝑝𝑝1 = 𝑝𝑝2 

𝐻𝐻𝑡𝑡: 𝑝𝑝1 [ < | > | ≠≠ ] 𝑝𝑝2 

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we 

[ REJECT | FAIL TO REJECT ] 𝐻𝐻0. There is 

[ ENOUGH | NOT ENOUGH ] evidence to { restate 𝐻𝐻𝑡𝑡} 

�̅�𝑝 = 𝑥𝑥1 + 𝑥𝑥2
𝑛𝑛1 + 𝑛𝑛2

 

�̅�𝑞 = 1 − �̅�𝑝 

𝒛𝒛 𝒛𝒛 −𝒛𝒛 

1)

2)

3)

4)

Effectiveness of Nicotine Patch 
Placebo Non-Placebo

Subjects: 20 
# Successfully Quit: 11 

Subjects: 23 
# Successfully Quit: 17 

 

Placebo Non-Placebo 

[ ENOUGH | NOT ENOUGH ] evidence to { restate      }

EXAMPLE 

The table summarizes a study on the success rate of a nicotine 
patch in helping people quit smoking. Perform a hypothesis test 
using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who 
quit smoking is different in the two groups. 

TOPIC: TWO PROPORTIONS 

Difference in Proportions: Hypothesis Tests 

◆ When conducting hypothesis tests with proportions given 2 samples instead of 1: 

▪ Write 𝐻𝐻0 as 𝑝𝑝1 = _____, i.e. 𝑝𝑝1 − 𝑝𝑝2 = 0 

▪ Find the 𝑧𝑧-score using the ________ sample proportion (�̅�𝑝) which is 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 # 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑠𝑠  of both groups. 

 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The table summarizes a study on the success rate of a nicotine patch in helping people quit smoking. Perform a 
hypothesis test using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who quit smoking is different in the two 
groups. 
  

Random Samples?  ☐
Independent Samples?  ☐
≥ 5 success in each sample? ☐
≥ 5 failures in each sample? ☐

𝑛𝑛1 = ____      𝑛𝑛2 = ____ 
𝑥𝑥1 = ____     𝑥𝑥2 = ____  
�̂�𝑝1 = ____     �̂�𝑝2 = ____  

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0. 

There is [ ENOUGH | NOT ENOUGH ] evidence  

�̅�𝑝 = 
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𝑧𝑧 = 

 

𝑃𝑃-value: 

𝐻𝐻0:  𝐻𝐻𝑡𝑡: 

 

1 Prop. 2 Proportions 

H
yp

. 
Te

st
 S

ta
t.

 
P-

Va
l. 

Co
nc

lu
de

 
𝑧𝑧 =

ሺ�̂�𝑝1 − �̂�𝑝2ሻ − ሺ𝑝𝑝1 − 𝑝𝑝2ሻ

ට�̅�𝑝�̅�𝑞
𝑛𝑛1

+ �̅�𝑝�̅�𝑞
𝑛𝑛2

 

Area "beyond" 𝑧𝑧 
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𝐻𝐻𝑡𝑡: 𝑝𝑝 </>/≠  # 

𝑧𝑧 = �̂�𝑝 − 𝑝𝑝

ට𝑝𝑝𝑞𝑞
𝑛𝑛

 

𝐻𝐻0: 𝑝𝑝1 = 𝑝𝑝2 

𝐻𝐻𝑡𝑡: 𝑝𝑝1 [ < | > | ≠≠ ] 𝑝𝑝2 

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we 

[ REJECT | FAIL TO REJECT ] 𝐻𝐻0. There is 

[ ENOUGH | NOT ENOUGH ] evidence to { restate 𝐻𝐻𝑡𝑡} 

�̅�𝑝 = 𝑥𝑥1 + 𝑥𝑥2
𝑛𝑛1 + 𝑛𝑛2

 

�̅�𝑞 = 1 − �̅�𝑝 

𝒛𝒛 𝒛𝒛 −𝒛𝒛 

1)

2)

3)

4)

Effectiveness of Nicotine Patch 
Placebo Non-Placebo

Subjects: 20 
# Successfully Quit: 11 

Subjects: 23 
# Successfully Quit: 17 

 

Placebo Non-Placebo 

Random samples? 

Matched pairs?

Normal                   ?

 
 

EXAMPLE If 𝑦𝑦 = 𝑥𝑥3 and 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 2, find 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑  when 𝑥𝑥 = 4. 

   

    Implicit Diff.      Related Rates Recall New 

 
Intro to Related Rates 

◆ When 2+ related variables are changing w/ time, we use ______-derivatives to see how one affects another.   

● To take the time derivative of EVERY term, use implicit differentiation.  

 

 

   
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Take  
       on both sides using implicit diff. 

2) Isolate the target rate of change 

3) Plug in known values/rates & solve 

  

HOW TO: Solve Related Rates 𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3) 

2𝑦𝑦 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 + 5 = 3𝑥𝑥2 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅   

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 3𝑥𝑥2 − 5

2𝑦𝑦  

𝑦𝑦 = 𝑥𝑥3 
 

 
 

EXAMPLE 
As an ice cube melts, each side changes at −3 cm

min. Find the 

rate of change of the ice cube’s volume when each side is 
0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  

● For “real world” problems, we need to determine what shapes are formed & how they change over time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 

     
      

     
      

 
 

EXAMPLE 
As an ice cube melts, each side changes at −3 cm

min. Find the 

rate of change of the ice cube’s volume when each side is 
0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  

● For “real world” problems, we need to determine what shapes are formed & how they change over time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 

     
      

     
      

EXAMPLE A cylindrical tank of radius 4 𝑓𝑓𝑓𝑓 and a height of 12 𝑓𝑓𝑓𝑓 is 8 𝑓𝑓𝑓𝑓 full of oil that weighs 57 𝑙𝑙𝑙𝑙/𝑓𝑓𝑓𝑓3 .  
Set up the integral to find the work required to pump the oil to the top of the tank.  

 
Pumping Liquids 
◆ Recall: Work done by lifting an object relies on its weight and the distance it is lifted.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
◆ The cross-sectional area function will change depending on the shape of the tank. 
 

 

Pumping Liquids New 

(final height) 

𝑊𝑊 = ∫ (𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 ∗ 𝒂𝒂𝒂𝒂𝒅𝒅𝒂𝒂 ∗ 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒂𝒂𝒅𝒅𝒅𝒅𝒅𝒅) 𝑑𝑑𝑑𝑑
𝑏𝑏

𝑎𝑎
 

(𝑓𝑓𝑓𝑓) 

(𝑓𝑓𝑓𝑓) 

𝑊𝑊 = ∫ 𝐹𝐹(𝑥𝑥) 𝑑𝑑𝑥𝑥
𝑏𝑏

𝑎𝑎
 

Recall 

Density: 

Area: 

Distance: 

 
 
 

𝑊𝑊 = ∫ _________________________________  𝑑𝑑𝑑𝑑
____

____
 

1) Sketch picture of tank/liquid 

2) Find density of the liquid: 

    if in 𝑙𝑙𝑙𝑙/𝑓𝑓𝑓𝑓3, plug in directly  

    if in 𝑘𝑘𝑘𝑘/𝑚𝑚3, multiply by ______ first 

3) Find area of cross-section (fcn w.r.t. 𝑑𝑑) 

4) Find distance fcn:  ______ − 𝑑𝑑 

5) Determine bounds: 

    lower = bottom of tank (usually ___ )  

    upper = top layer of liquid  

6) Integrate w.r.t. 𝑑𝑑 

HOW TO: Solve Pumping Problems 

(tank top) 

(liquid level) 

(bottom) 

(radius) 

EXAMPLE 

The table summarizes a study on the success rate of a nicotine 
patch in helping people quit smoking. Perform a hypothesis test 
using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who 
quit smoking is different in the two groups. 

TOPIC: TWO PROPORTIONS 

Difference in Proportions: Hypothesis Tests 

◆ When conducting hypothesis tests with proportions given 2 samples instead of 1: 

▪ Write 𝐻𝐻0 as 𝑝𝑝1 = _____, i.e. 𝑝𝑝1 − 𝑝𝑝2 = 0 

▪ Find the 𝑧𝑧-score using the ________ sample proportion (�̅�𝑝) which is 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 # 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑠𝑠  of both groups. 

 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The table summarizes a study on the success rate of a nicotine patch in helping people quit smoking. Perform a 
hypothesis test using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who quit smoking is different in the two 
groups. 
  

Random Samples?  ☐
Independent Samples?  ☐
≥ 5 success in each sample? ☐
≥ 5 failures in each sample? ☐

𝑛𝑛1 = ____      𝑛𝑛2 = ____ 
𝑥𝑥1 = ____     𝑥𝑥2 = ____  
�̂�𝑝1 = ____     �̂�𝑝2 = ____  

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0. 

There is [ ENOUGH | NOT ENOUGH ] evidence  

�̅�𝑝 = 

�̅�𝑞 = 

𝑧𝑧 = 

 

𝑃𝑃-value: 

𝐻𝐻0:  𝐻𝐻𝑡𝑡: 

 

1 Prop. 2 Proportions 
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de

 

𝑧𝑧 =
ሺ�̂�𝑝1 − �̂�𝑝2ሻ − ሺ𝑝𝑝1 − 𝑝𝑝2ሻ

ට�̅�𝑝�̅�𝑞
𝑛𝑛1

+ �̅�𝑝�̅�𝑞
𝑛𝑛2

 

Area "beyond" 𝑧𝑧 

𝐻𝐻0: 𝑝𝑝 = # 

𝐻𝐻𝑡𝑡: 𝑝𝑝 </>/≠  # 

𝑧𝑧 = �̂�𝑝 − 𝑝𝑝

ට𝑝𝑝𝑞𝑞
𝑛𝑛

 

𝐻𝐻0: 𝑝𝑝1 = 𝑝𝑝2 

𝐻𝐻𝑡𝑡: 𝑝𝑝1 [ < | > | ≠≠ ] 𝑝𝑝2 

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we 

[ REJECT | FAIL TO REJECT ] 𝐻𝐻0. There is 

[ ENOUGH | NOT ENOUGH ] evidence to { restate 𝐻𝐻𝑡𝑡} 

�̅�𝑝 = 𝑥𝑥1 + 𝑥𝑥2
𝑛𝑛1 + 𝑛𝑛2

 

�̅�𝑞 = 1 − �̅�𝑝 

𝒛𝒛 𝒛𝒛 −𝒛𝒛 

1)

2)

3)

4)

Effectiveness of Nicotine Patch 
Placebo Non-Placebo

Subjects: 20 
# Successfully Quit: 11 

Subjects: 23 
# Successfully Quit: 17 

 

Placebo Non-Placebo 

EXAMPLE 

The table summarizes a study on the success rate of a nicotine 
patch in helping people quit smoking. Perform a hypothesis test 
using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who 
quit smoking is different in the two groups. 

TOPIC: TWO PROPORTIONS 

Difference in Proportions: Hypothesis Tests 

◆ When conducting hypothesis tests with proportions given 2 samples instead of 1: 

▪ Write 𝐻𝐻0 as 𝑝𝑝1 = _____, i.e. 𝑝𝑝1 − 𝑝𝑝2 = 0 

▪ Find the 𝑧𝑧-score using the ________ sample proportion (�̅�𝑝) which is 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 # 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑠𝑠  of both groups. 

 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The table summarizes a study on the success rate of a nicotine patch in helping people quit smoking. Perform a 
hypothesis test using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who quit smoking is different in the two 
groups. 
  

Random Samples?  ☐
Independent Samples?  ☐
≥ 5 success in each sample? ☐
≥ 5 failures in each sample? ☐

𝑛𝑛1 = ____      𝑛𝑛2 = ____ 
𝑥𝑥1 = ____     𝑥𝑥2 = ____  
�̂�𝑝1 = ____     �̂�𝑝2 = ____  

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0. 

There is [ ENOUGH | NOT ENOUGH ] evidence  
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𝐻𝐻0: 𝑝𝑝1 = 𝑝𝑝2 

𝐻𝐻𝑡𝑡: 𝑝𝑝1 [ < | > | ≠≠ ] 𝑝𝑝2 

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we 

[ REJECT | FAIL TO REJECT ] 𝐻𝐻0. There is 

[ ENOUGH | NOT ENOUGH ] evidence to { restate 𝐻𝐻𝑡𝑡} 
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Placebo Non-Placebo
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# Successfully Quit: 11 
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Placebo Non-Placebo 

EXAMPLE 

The table summarizes a study on the success rate of a nicotine 
patch in helping people quit smoking. Perform a hypothesis test 
using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who 
quit smoking is different in the two groups. 

TOPIC: TWO PROPORTIONS 

Difference in Proportions: Hypothesis Tests 

◆ When conducting hypothesis tests with proportions given 2 samples instead of 1: 

▪ Write 𝐻𝐻0 as 𝑝𝑝1 = _____, i.e. 𝑝𝑝1 − 𝑝𝑝2 = 0 

▪ Find the 𝑧𝑧-score using the ________ sample proportion (�̅�𝑝) which is 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 # 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
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The table summarizes a study on the success rate of a nicotine patch in helping people quit smoking. Perform a 
hypothesis test using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who quit smoking is different in the two 
groups. 
  

Random Samples?  ☐
Independent Samples?  ☐
≥ 5 success in each sample? ☐
≥ 5 failures in each sample? ☐

𝑛𝑛1 = ____      𝑛𝑛2 = ____ 
𝑥𝑥1 = ____     𝑥𝑥2 = ____  
�̂�𝑝1 = ____     �̂�𝑝2 = ____  

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0. 

There is [ ENOUGH | NOT ENOUGH ] evidence  

�̅�𝑝 = 

�̅�𝑞 = 

𝑧𝑧 = 

 

𝑃𝑃-value: 

𝐻𝐻0:  𝐻𝐻𝑡𝑡: 

 

1 Prop. 2 Proportions 
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𝑧𝑧 =
ሺ�̂�𝑝1 − �̂�𝑝2ሻ − ሺ𝑝𝑝1 − 𝑝𝑝2ሻ

ට�̅�𝑝�̅�𝑞
𝑛𝑛1

+ �̅�𝑝�̅�𝑞
𝑛𝑛2

 

Area "beyond" 𝑧𝑧 

𝐻𝐻0: 𝑝𝑝 = # 

𝐻𝐻𝑡𝑡: 𝑝𝑝 </>/≠  # 

𝑧𝑧 = �̂�𝑝 − 𝑝𝑝

ට𝑝𝑝𝑞𝑞
𝑛𝑛

 

𝐻𝐻0: 𝑝𝑝1 = 𝑝𝑝2 

𝐻𝐻𝑡𝑡: 𝑝𝑝1 [ < | > | ≠≠ ] 𝑝𝑝2 

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we 

[ REJECT | FAIL TO REJECT ] 𝐻𝐻0. There is 

[ ENOUGH | NOT ENOUGH ] evidence to { restate 𝐻𝐻𝑡𝑡} 

�̅�𝑝 = 𝑥𝑥1 + 𝑥𝑥2
𝑛𝑛1 + 𝑛𝑛2

 

�̅�𝑞 = 1 − �̅�𝑝 

𝒛𝒛 𝒛𝒛 −𝒛𝒛 

1)

2)

3)

4)

Effectiveness of Nicotine Patch 
Placebo Non-Placebo

Subjects: 20 
# Successfully Quit: 11 

Subjects: 23 
# Successfully Quit: 17 

 

Placebo Non-Placebo 

-value:

Because    -value [ < | > ]   , we [ REJECT | FAIL TO REJECT ]     .

There is [ ENOUGH | NOT ENOUGH ] evidence that the medication is 

effective in reducing blood pressure.

EXAMPLE 

The table summarizes a study on the success rate of a nicotine 
patch in helping people quit smoking. Perform a hypothesis test 
using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who 
quit smoking is different in the two groups. 

TOPIC: TWO PROPORTIONS 

Difference in Proportions: Hypothesis Tests 

◆ When conducting hypothesis tests with proportions given 2 samples instead of 1: 

▪ Write 𝐻𝐻0 as 𝑝𝑝1 = _____, i.e. 𝑝𝑝1 − 𝑝𝑝2 = 0 

▪ Find the 𝑧𝑧-score using the ________ sample proportion (�̅�𝑝) which is 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 # 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑠𝑠  of both groups. 

 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The table summarizes a study on the success rate of a nicotine patch in helping people quit smoking. Perform a 
hypothesis test using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who quit smoking is different in the two 
groups. 
  

Random Samples?  ☐
Independent Samples?  ☐
≥ 5 success in each sample? ☐
≥ 5 failures in each sample? ☐

𝑛𝑛1 = ____      𝑛𝑛2 = ____ 
𝑥𝑥1 = ____     𝑥𝑥2 = ____  
�̂�𝑝1 = ____     �̂�𝑝2 = ____  

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0. 

There is [ ENOUGH | NOT ENOUGH ] evidence  

�̅�𝑝 = 

�̅�𝑞 = 

𝑧𝑧 = 

 

𝑃𝑃-value: 

𝐻𝐻0:  𝐻𝐻𝑡𝑡: 
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𝑧𝑧 =
ሺ�̂�𝑝1 − �̂�𝑝2ሻ − ሺ𝑝𝑝1 − 𝑝𝑝2ሻ

ට�̅�𝑝�̅�𝑞
𝑛𝑛1

+ �̅�𝑝�̅�𝑞
𝑛𝑛2

 

Area "beyond" 𝑧𝑧 

𝐻𝐻0: 𝑝𝑝 = # 

𝐻𝐻𝑡𝑡: 𝑝𝑝 </>/≠  # 

𝑧𝑧 = �̂�𝑝 − 𝑝𝑝

ට𝑝𝑝𝑞𝑞
𝑛𝑛

 

𝐻𝐻0: 𝑝𝑝1 = 𝑝𝑝2 

𝐻𝐻𝑡𝑡: 𝑝𝑝1 [ < | > | ≠≠ ] 𝑝𝑝2 

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we 

[ REJECT | FAIL TO REJECT ] 𝐻𝐻0. There is 

[ ENOUGH | NOT ENOUGH ] evidence to { restate 𝐻𝐻𝑡𝑡} 

�̅�𝑝 = 𝑥𝑥1 + 𝑥𝑥2
𝑛𝑛1 + 𝑛𝑛2

 

�̅�𝑞 = 1 − �̅�𝑝 

𝒛𝒛 𝒛𝒛 −𝒛𝒛 

1)

2)

3)

4)

Effectiveness of Nicotine Patch 
Placebo Non-Placebo

Subjects: 20 
# Successfully Quit: 11 

Subjects: 23 
# Successfully Quit: 17 

 

Placebo Non-Placebo 

EXAMPLE 

The table summarizes a study on the success rate of a nicotine 
patch in helping people quit smoking. Perform a hypothesis test 
using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who 
quit smoking is different in the two groups. 

TOPIC: TWO PROPORTIONS 

Difference in Proportions: Hypothesis Tests 

◆ When conducting hypothesis tests with proportions given 2 samples instead of 1: 

▪ Write 𝐻𝐻0 as 𝑝𝑝1 = _____, i.e. 𝑝𝑝1 − 𝑝𝑝2 = 0 

▪ Find the 𝑧𝑧-score using the ________ sample proportion (�̅�𝑝) which is 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 # 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑠𝑠  of both groups. 

 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The table summarizes a study on the success rate of a nicotine patch in helping people quit smoking. Perform a 
hypothesis test using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who quit smoking is different in the two 
groups. 
  

Random Samples?  ☐
Independent Samples?  ☐
≥ 5 success in each sample? ☐
≥ 5 failures in each sample? ☐

𝑛𝑛1 = ____      𝑛𝑛2 = ____ 
𝑥𝑥1 = ____     𝑥𝑥2 = ____  
�̂�𝑝1 = ____     �̂�𝑝2 = ____  

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0. 

There is [ ENOUGH | NOT ENOUGH ] evidence  

�̅�𝑝 = 

�̅�𝑞 = 

𝑧𝑧 = 

 

𝑃𝑃-value: 

𝐻𝐻0:  𝐻𝐻𝑡𝑡: 
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𝑧𝑧 =
ሺ�̂�𝑝1 − �̂�𝑝2ሻ − ሺ𝑝𝑝1 − 𝑝𝑝2ሻ

ට�̅�𝑝�̅�𝑞
𝑛𝑛1

+ �̅�𝑝�̅�𝑞
𝑛𝑛2

 

Area "beyond" 𝑧𝑧 

𝐻𝐻0: 𝑝𝑝 = # 

𝐻𝐻𝑡𝑡: 𝑝𝑝 </>/≠  # 

𝑧𝑧 = �̂�𝑝 − 𝑝𝑝

ට𝑝𝑝𝑞𝑞
𝑛𝑛

 

𝐻𝐻0: 𝑝𝑝1 = 𝑝𝑝2 

𝐻𝐻𝑡𝑡: 𝑝𝑝1 [ < | > | ≠≠ ] 𝑝𝑝2 

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we 

[ REJECT | FAIL TO REJECT ] 𝐻𝐻0. There is 

[ ENOUGH | NOT ENOUGH ] evidence to { restate 𝐻𝐻𝑡𝑡} 

�̅�𝑝 = 𝑥𝑥1 + 𝑥𝑥2
𝑛𝑛1 + 𝑛𝑛2

 

�̅�𝑞 = 1 − �̅�𝑝 

𝒛𝒛 𝒛𝒛 −𝒛𝒛 

1)

2)

3)

4)

Effectiveness of Nicotine Patch 
Placebo Non-Placebo

Subjects: 20 
# Successfully Quit: 11 

Subjects: 23 
# Successfully Quit: 17 

 

Placebo Non-Placebo 

EXAMPLE 

The table summarizes a study on the success rate of a nicotine 
patch in helping people quit smoking. Perform a hypothesis test 
using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who 
quit smoking is different in the two groups. 

TOPIC: TWO PROPORTIONS 

Difference in Proportions: Hypothesis Tests 

◆ When conducting hypothesis tests with proportions given 2 samples instead of 1: 

▪ Write 𝐻𝐻0 as 𝑝𝑝1 = _____, i.e. 𝑝𝑝1 − 𝑝𝑝2 = 0 

▪ Find the 𝑧𝑧-score using the ________ sample proportion (�̅�𝑝) which is 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 # 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑠𝑠  of both groups. 

 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The table summarizes a study on the success rate of a nicotine patch in helping people quit smoking. Perform a 
hypothesis test using 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the proportion of subjects who quit smoking is different in the two 
groups. 
  

Random Samples?  ☐
Independent Samples?  ☐
≥ 5 success in each sample? ☐
≥ 5 failures in each sample? ☐

𝑛𝑛1 = ____      𝑛𝑛2 = ____ 
𝑥𝑥1 = ____     𝑥𝑥2 = ____  
�̂�𝑝1 = ____     �̂�𝑝2 = ____  

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0. 

There is [ ENOUGH | NOT ENOUGH ] evidence  

�̅�𝑝 = 

�̅�𝑞 = 

𝑧𝑧 = 

 

𝑃𝑃-value: 

𝐻𝐻0:  𝐻𝐻𝑡𝑡: 

 

1 Prop. 2 Proportions 

H
yp

. 
Te

st
 S

ta
t.

 
P-

Va
l. 

Co
nc

lu
de

 

𝑧𝑧 =
ሺ�̂�𝑝1 − �̂�𝑝2ሻ − ሺ𝑝𝑝1 − 𝑝𝑝2ሻ

ට�̅�𝑝�̅�𝑞
𝑛𝑛1

+ �̅�𝑝�̅�𝑞
𝑛𝑛2

 

Area "beyond" 𝑧𝑧 

𝐻𝐻0: 𝑝𝑝 = # 

𝐻𝐻𝑡𝑡: 𝑝𝑝 </>/≠  # 

𝑧𝑧 = �̂�𝑝 − 𝑝𝑝

ට𝑝𝑝𝑞𝑞
𝑛𝑛

 

𝐻𝐻0: 𝑝𝑝1 = 𝑝𝑝2 

𝐻𝐻𝑡𝑡: 𝑝𝑝1 [ < | > | ≠≠ ] 𝑝𝑝2 

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we 

[ REJECT | FAIL TO REJECT ] 𝐻𝐻0. There is 

[ ENOUGH | NOT ENOUGH ] evidence to { restate 𝐻𝐻𝑡𝑡} 

�̅�𝑝 = 𝑥𝑥1 + 𝑥𝑥2
𝑛𝑛1 + 𝑛𝑛2

 

�̅�𝑞 = 1 − �̅�𝑝 

𝒛𝒛 𝒛𝒛 −𝒛𝒛 

1)

2)

3)

4)

Effectiveness of Nicotine Patch 
Placebo Non-Placebo

Subjects: 20 
# Successfully Quit: 11 

Subjects: 23 
# Successfully Quit: 17 

 

Placebo Non-Placebo 

EXAMPLE 

The table summarizes a study on the mean resting heart rate of 
males and females. Perform a hypothesis test using 𝜶𝜶 =  𝟎𝟎. 𝟎𝟎𝟎𝟎 
to determine if there’s a difference in between the two randomly 
sampled groups. Assume normal population distributions. 

TOPIC: TWO MEANS – UNKNOWN, UNEQUAL VARIANCE 

Difference in Means: Hypothesis Tests 

◆ In hypothesis tests given TWO samples, we test claims about the ____________ between the means. 

▪ Write 𝐻𝐻0 as 𝜇𝜇1 = _____, i.e 𝜇𝜇1 − 𝜇𝜇2 = ____ 

▪ Find the 𝑃𝑃-value using the ___________ of 𝑛𝑛1 − 1 & 𝑛𝑛2 − 1 for the degrees of freedom. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

𝑛𝑛1 = ____ , 𝑛𝑛2 = ____ 
𝑥𝑥ҧ1 = ____ , 𝑥𝑥ҧ2 = ____  
𝑠𝑠1 = ____ , 𝑠𝑠2 = ____  

𝑡𝑡 = 

 
 
 
𝑑𝑑𝑑𝑑 =  
𝑃𝑃-Value: 

𝐻𝐻0: 
𝐻𝐻𝑎𝑎: 

Males Females 

Samples Random & Independent? ☐
𝜎𝜎1 & 𝜎𝜎2 unknown & not equal?  ☐

BOTH Samples Normal 𝑶𝑶𝑶𝑶  ☐ 𝑛𝑛1 > 30 
𝑛𝑛2 > 30
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𝑡𝑡 =
ሺ𝑥𝑥ҧ1 − 𝑥𝑥ҧ2ሻ − ሺ𝜇𝜇1 − 𝜇𝜇2ሻ

ඨ𝑠𝑠1
2

𝑛𝑛1
+ 𝑠𝑠2

2

𝑛𝑛2

 

𝐻𝐻0: 𝜇𝜇 = # 

𝐻𝐻𝑎𝑎: 𝜇𝜇 </>/≠  # 

𝐻𝐻0: 𝜇𝜇1 = 𝜇𝜇2 

𝐻𝐻𝑎𝑎: 𝜇𝜇1 [ < | > | ≠≠ ] 𝜇𝜇2 

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we 

[ REJECT | FAIL TO REJECT ] 𝐻𝐻0. There is 

[ ENOUGH | NOT ENOUGH ] evidence to { restate 𝐻𝐻𝑎𝑎} 

𝑑𝑑𝑑𝑑 = 

min ൜𝑛𝑛1 − 1
𝑛𝑛2 − 1ൠ 

𝑡𝑡 = 𝑥𝑥ҧ − 𝜇𝜇
𝑠𝑠 ξ𝑛𝑛Τ  

Area "beyond" 𝑡𝑡 

𝑑𝑑𝑑𝑑 = 𝑛𝑛 − 1 

𝒕𝒕 𝒕𝒕 −𝒕𝒕 

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0. 
There is [ ENOUGH | NOT ENOUGH ] evidence that there is a difference  
in the mean resting heart rate between males & females. 

Mean Resting Heart Rate 
Group Sample 

Size ሺ𝒏𝒏ሻ 
Sample 

Mean ሺ�̅�𝒙ሻ
Sample Std 

Dev ሺ𝒔𝒔ሻ 
Males 10 70.2 BPM 5.8 BPM 

Females 11 81.4 BPM 6.4 BPM 
 

1) 2)

3)

4)

EXAMPLE 

The table summarizes a study on the mean resting heart rate of 
males and females. Perform a hypothesis test using 𝜶𝜶 =  𝟎𝟎. 𝟎𝟎𝟎𝟎 
to determine if there’s a difference in between the two randomly 
sampled groups. Assume normal population distributions. 

TOPIC: TWO MEANS – UNKNOWN, UNEQUAL VARIANCE 

Difference in Means: Hypothesis Tests 

◆ In hypothesis tests given TWO samples, we test claims about the ____________ between the means. 

▪ Write 𝐻𝐻0 as 𝜇𝜇1 = _____, i.e 𝜇𝜇1 − 𝜇𝜇2 = ____ 

▪ Find the 𝑃𝑃-value using the ___________ of 𝑛𝑛1 − 1 & 𝑛𝑛2 − 1 for the degrees of freedom. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

𝑛𝑛1 = ____ , 𝑛𝑛2 = ____ 
𝑥𝑥ҧ1 = ____ , 𝑥𝑥ҧ2 = ____  
𝑠𝑠1 = ____ , 𝑠𝑠2 = ____  

𝑡𝑡 = 

 
 
 
𝑑𝑑𝑑𝑑 =  
𝑃𝑃-Value: 

𝐻𝐻0: 
𝐻𝐻𝑎𝑎: 

Males Females 

Samples Random & Independent? ☐
𝜎𝜎1 & 𝜎𝜎2 unknown & not equal?  ☐

BOTH Samples Normal 𝑶𝑶𝑶𝑶  ☐ 𝑛𝑛1 > 30 
𝑛𝑛2 > 30

 

1 Mean 2 Means 

H
yp

. 
Te

st
 S

ta
t.

 
(σ

 u
nk

no
w

n)
 

P-
Va

l. 
Co

nc
lu

de
 

𝑡𝑡 =
ሺ𝑥𝑥ҧ1 − 𝑥𝑥ҧ2ሻ − ሺ𝜇𝜇1 − 𝜇𝜇2ሻ

ඨ𝑠𝑠1
2

𝑛𝑛1
+ 𝑠𝑠2

2

𝑛𝑛2

 

𝐻𝐻0: 𝜇𝜇 = # 

𝐻𝐻𝑎𝑎: 𝜇𝜇 </>/≠  # 

𝐻𝐻0: 𝜇𝜇1 = 𝜇𝜇2 

𝐻𝐻𝑎𝑎: 𝜇𝜇1 [ < | > | ≠≠ ] 𝜇𝜇2 

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we 

[ REJECT | FAIL TO REJECT ] 𝐻𝐻0. There is 

[ ENOUGH | NOT ENOUGH ] evidence to { restate 𝐻𝐻𝑎𝑎} 

𝑑𝑑𝑑𝑑 = 

min ൜𝑛𝑛1 − 1
𝑛𝑛2 − 1ൠ 

𝑡𝑡 = 𝑥𝑥ҧ − 𝜇𝜇
𝑠𝑠 ξ𝑛𝑛Τ  

Area "beyond" 𝑡𝑡 

𝑑𝑑𝑑𝑑 = 𝑛𝑛 − 1 

𝒕𝒕 𝒕𝒕 −𝒕𝒕 

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0. 
There is [ ENOUGH | NOT ENOUGH ] evidence that there is a difference  
in the mean resting heart rate between males & females. 

Mean Resting Heart Rate 
Group Sample 

Size ሺ𝒏𝒏ሻ 
Sample 

Mean ሺ�̅�𝒙ሻ
Sample Std 

Dev ሺ𝒔𝒔ሻ 
Males 10 70.2 BPM 5.8 BPM 

Females 11 81.4 BPM 6.4 BPM 
 

1) 2)

3)

4)

EXAMPLE 

The table summarizes a study on the mean resting heart rate of 
males and females. Perform a hypothesis test using 𝜶𝜶 =  𝟎𝟎. 𝟎𝟎𝟎𝟎 
to determine if there’s a difference in between the two randomly 
sampled groups. Assume normal population distributions. 

TOPIC: TWO MEANS – UNKNOWN, UNEQUAL VARIANCE 

Difference in Means: Hypothesis Tests 

◆ In hypothesis tests given TWO samples, we test claims about the ____________ between the means. 

▪ Write 𝐻𝐻0 as 𝜇𝜇1 = _____, i.e 𝜇𝜇1 − 𝜇𝜇2 = ____ 

▪ Find the 𝑃𝑃-value using the ___________ of 𝑛𝑛1 − 1 & 𝑛𝑛2 − 1 for the degrees of freedom. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

𝑛𝑛1 = ____ , 𝑛𝑛2 = ____ 
𝑥𝑥ҧ1 = ____ , 𝑥𝑥ҧ2 = ____  
𝑠𝑠1 = ____ , 𝑠𝑠2 = ____  

𝑡𝑡 = 

 
 
 
𝑑𝑑𝑑𝑑 =  
𝑃𝑃-Value: 

𝐻𝐻0: 
𝐻𝐻𝑎𝑎: 

Males Females 

Samples Random & Independent? ☐
𝜎𝜎1 & 𝜎𝜎2 unknown & not equal?  ☐

BOTH Samples Normal 𝑶𝑶𝑶𝑶  ☐ 𝑛𝑛1 > 30 
𝑛𝑛2 > 30
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𝑡𝑡 =
ሺ𝑥𝑥ҧ1 − 𝑥𝑥ҧ2ሻ − ሺ𝜇𝜇1 − 𝜇𝜇2ሻ

ඨ𝑠𝑠1
2

𝑛𝑛1
+ 𝑠𝑠2

2

𝑛𝑛2

 

𝐻𝐻0: 𝜇𝜇 = # 

𝐻𝐻𝑎𝑎: 𝜇𝜇 </>/≠  # 

𝐻𝐻0: 𝜇𝜇1 = 𝜇𝜇2 

𝐻𝐻𝑎𝑎: 𝜇𝜇1 [ < | > | ≠≠ ] 𝜇𝜇2 

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we 

[ REJECT | FAIL TO REJECT ] 𝐻𝐻0. There is 

[ ENOUGH | NOT ENOUGH ] evidence to { restate 𝐻𝐻𝑎𝑎} 

𝑑𝑑𝑑𝑑 = 

min ൜𝑛𝑛1 − 1
𝑛𝑛2 − 1ൠ 

𝑡𝑡 = 𝑥𝑥ҧ − 𝜇𝜇
𝑠𝑠 ξ𝑛𝑛Τ  

Area "beyond" 𝑡𝑡 

𝑑𝑑𝑑𝑑 = 𝑛𝑛 − 1 

𝒕𝒕 𝒕𝒕 −𝒕𝒕 

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0. 
There is [ ENOUGH | NOT ENOUGH ] evidence that there is a difference  
in the mean resting heart rate between males & females. 

Mean Resting Heart Rate 
Group Sample 

Size ሺ𝒏𝒏ሻ 
Sample 

Mean ሺ�̅�𝒙ሻ
Sample Std 

Dev ሺ𝒔𝒔ሻ 
Males 10 70.2 BPM 5.8 BPM 

Females 11 81.4 BPM 6.4 BPM 
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Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we 
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[ ENOUGH | NOT ENOUGH ] evidence to { restate 𝐻𝐻𝑎𝑎} 

𝑑𝑑𝑑𝑑 = 
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𝑛𝑛2 − 1ൠ 
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EXAMPLE 

A company claims its new medication reduces blood pressure. In a study, the sample mean difference in 37 patients’ 
blood pressure before and 15 days after taking the medication was 3.2 with a standard deviation of 6.7. Perform a 
hypothesis test using 𝜶𝜶 =  𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the medication is effective in reducing blood pressure. 

TOPIC: TWO MEANS – MATCHED PAIRS (DEPENDENT SAMPLES) 

Matched Pairs: Hypothesis Tests 

◆ When conducting Hyp. Tests using matched pairs, replace 𝑥𝑥ҧ, 𝜇𝜇, 𝑠𝑠 with 𝑑𝑑ҧ, 𝜇𝜇𝑑𝑑, 𝑠𝑠𝑑𝑑. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

  

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0. 
There is [ ENOUGH | NOT ENOUGH ] evidence that the 
medication is effective in reducing blood pressure. 

𝑛𝑛 =  ______ 

𝑑𝑑ҧ =  ______ 

𝑠𝑠𝑑𝑑 = ______  

𝑡𝑡 = 

 

𝑑𝑑𝑑𝑑 =  
𝑃𝑃-Value: 

𝐻𝐻0:   

𝐻𝐻𝑎𝑎: 
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𝑡𝑡 = 𝑑𝑑ҧ − 𝜇𝜇𝑑𝑑

𝑠𝑠𝑑𝑑 ξ𝑛𝑛Τ  

𝑛𝑛 = # of pairs 

𝐻𝐻0: 𝜇𝜇 = # 

𝐻𝐻𝑎𝑎: 𝜇𝜇 [ < | > | ≠≠ ] # 

𝐻𝐻0: 𝜇𝜇𝑑𝑑 = # 

𝐻𝐻𝑎𝑎: 𝜇𝜇𝑑𝑑 [ < | > | ≠≠ ] # 

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we 

[ REJECT | FAIL TO REJECT ] 𝐻𝐻0. There is 

[ ENOUGH | NOT ENOUGH ] evidence to { restate 𝐻𝐻𝑎𝑎} 

𝑡𝑡 = 𝑥𝑥ҧ − 𝜇𝜇
𝑠𝑠 ξ𝑛𝑛Τ  

Area "beyond" 𝑡𝑡 

𝑑𝑑𝑑𝑑 = 𝑛𝑛 − 1 
𝒕𝒕 𝒕𝒕 −𝒕𝒕 

Random Samples? ☐
Matched Pairs?  ☐
Normal 𝑶𝑶𝑶𝑶 𝑛𝑛 > 30? ☐ 

A company claims its new medication reduces blood pressure. In a study, the sample mean difference in 37 patients’ 

blood pressure before and 15 days after taking the medication was 3.2 with a standard deviation of 6.7. Perform a  

hypothesis test using                   to determine if the medication is effective in reducing blood pressure.

EXAMPLE 

A company claims its new medication reduces blood pressure. In a study, the sample mean difference in 37 patients’ 
blood pressure before and 15 days after taking the medication was 3.2 with a standard deviation of 6.7. Perform a 
hypothesis test using 𝜶𝜶 =  𝟎𝟎. 𝟎𝟎𝟎𝟎 to determine if the medication is effective in reducing blood pressure. 

TOPIC: TWO MEANS – MATCHED PAIRS (DEPENDENT SAMPLES) 

Matched Pairs: Hypothesis Tests 

◆ When conducting Hyp. Tests using matched pairs, replace 𝑥𝑥ҧ, 𝜇𝜇, 𝑠𝑠 with 𝑑𝑑ҧ, 𝜇𝜇𝑑𝑑, 𝑠𝑠𝑑𝑑. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

  

Because 𝑃𝑃-value [ < | > ] 𝛼𝛼, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0. 
There is [ ENOUGH | NOT ENOUGH ] evidence that the 
medication is effective in reducing blood pressure. 
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TOPIC: TWO MEANS – MATCHED PAIRS (DEPENDENT SAMPLES)

EXAMPLE

A professor randomly selects 12 students and records their scores on a pop quiz and a scheduled quiz given in the same 

week. Each student's two scores are paired, and the difference is calculated as

(                                                              ). From the data, she calculates                                . Write      &       to test

the claim that students perform worse on pop quizzes than scheduled quizzes, and calculate the test statistic.
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TOPIC: TWO MEANS – MATCHED PAIRS (DEPENDENT SAMPLES)
Difference in Means: Confidence Intervals

◆ To make a confidence interval for      use point estimator     and margin of error: 

In a study on the effectiveness of a new blood pressure medication, the 

sample mean difference in 37 patients’ blood pressure before and 15 days 

after taking the medication was 3.2 with a standard deviation of 6.7. Make 

a 90% confidence interval for the mean difference in blood pressure. What 

does this result suggest about the claim that there is no difference after 

taking the medication?

EXAMPLE

HOW TO: Make a Confidence
Interval for                 

. 

EXAMPLE 

The table summarizes a study on the success rate of a nicotine patch in helping 
people quit smoking. Make a 90% confidence interval for the difference in 
success rates for the two groups. What does the result suggest about the claim 
that there is no difference in proportion between the two groups? 

TOPIC: TWO PROPORTIONS 

Difference in Proportions: Confidence Intervals 

◆ To make a Conf. Int. for 𝑝𝑝1 − 𝑝𝑝2, use point estimator �̂�𝑝1 − �̂�𝑝2 and margin of error: 

▪ Unlike Hyp. Tests, use individual sample proportions instead of pooled. 

 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 

◆ If Conf. Int. DOESN’T include 0, we’re confident of a DIFFERENCE between 𝑝𝑝1 & 𝑝𝑝2, so we ____________ 𝐻𝐻0. 
    If Conf. Int. DOES      include 0, it’s possible there is NO DIFFERENCE between 𝑝𝑝1 & 𝑝𝑝2, so we ____________ 𝐻𝐻0. 
  

1) Verify for EACH sample: 
# of successes ≥ 5  ☐ 
AND # of failures ≥ 5 ☐ 

2) Find critical value: 𝑧𝑧𝛼𝛼/2 

3) Point Estimate: �̂�𝑝1 − �̂�𝑝2 

4) Margin of Error: 𝐸𝐸 

5) Find upper & lower bounds 

൫ሺ�̂�𝑝1 − �̂�𝑝2ሻ − 𝐸𝐸, ሺ�̂�𝑝1 − �̂�𝑝2ሻ + 𝐸𝐸൯ 

HOW TO: Make a Confidence 
Interval for 𝒑𝒑𝟏𝟏 − 𝒑𝒑𝟐𝟐 

𝐸𝐸 = 𝑧𝑧𝛼𝛼/2 ⋅ ඨ
 
 
 
                           

New 

          
𝑛𝑛1

+           
𝑛𝑛2

 

We are ____ % confident that the true difference in proportions of people 
who quit smoking with a placebo vs. a nicotine patch is between _______ 
& _______. Because this [ DOES | DOES NOT ] include 0, we  
[ REJECT | FAIL TO REJECT ] 𝐻𝐻0: 𝑝𝑝1 = 𝑝𝑝2. There is  
[ ENOUGH | NOT ENOUGH ] evidence that there is a difference… 

�̂�𝑝1 = 𝑥𝑥1
𝑛𝑛1

,   �̂�𝑝2 = 𝑥𝑥2
𝑛𝑛2

 

Recall 

Effectiveness of Nicotine Patch 
Placebo Nicotine Patch

Subjects: 20 
# Who Quit: 11 

�̂�𝒑𝟏𝟏 = 𝟎𝟎. 𝟓𝟓𝟓𝟓  

Subjects: 23 
# Who Quit: 17 

�̂�𝑝2 = 0.74 
 

 
 

EXAMPLE 
As an ice cube melts, each side changes at −3 cm

min. Find the 

rate of change of the ice cube’s volume when each side is 
0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  

● For “real world” problems, we need to determine what shapes are formed & how they change over time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 

     
      

     
      

We are ______ % confident that the true difference in blood pressure before 

and after the medication is between ________ & ________. Because this 

[ DOES | DOES NOT ] include 0, we [ REJECT | FAIL TO REJECT ]                  . 

There is [ ENOUGH | NOT ENOUGH ] evidence that there is a difference...

Verify samples are:

Matched Pairs AND Random

Normal  

 
 

EXAMPLE 
As an ice cube melts, each side changes at −3 cm

min. Find the 

rate of change of the ice cube’s volume when each side is 
0.9 cm. 

 
Real World Application 
◆ Recall: Most related rates problems have shapes that grow (+) or shrink (−).  

● For “real world” problems, we need to determine what shapes are formed & how they change over time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Draw/label a picture of the scenario 

2) Identify eq’n(s) relating ALL variables 

3) Take 𝒅𝒅
𝒅𝒅𝒅𝒅 on both sides using implicit diff. 

4) Isolate the target rate of change 

5) Plug in known values/rates & solve 

 

HOW TO: Solve Related Rates 

_____ 

     
      

     
      

Find critical value: 

EXAMPLE 

The table summarizes a study on the mean resting heart rate of randomly 
sampled males and females. Make a 90% confidence interval for the 
difference in mean heart rate between males and females. Assume normal 
population distributions. What does this result suggest about the claim that 
there is no difference in mean resting heart rate between males & females? 

TOPIC: TWO MEANS – UNKNOWN, UNEQUAL VARIANCE 

Difference in Means: Confidence Intervals 
◆ To make a Conf. Int. for 𝜇𝜇1 − 𝜇𝜇2, use point estimator 𝑥𝑥ҧ1 − 𝑥𝑥ҧ2 and margin of error: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
◆ If Conf. Int. DOESN’T include 0, we’re confident of a DIFFERENCE between 𝜇𝜇1 & 𝜇𝜇2, so we ____________ 𝐻𝐻0. 
    If Conf. Int. DOES      include 0, it’s possible there is NO DIFFERENCE between 𝜇𝜇1 & 𝜇𝜇2, so we ____________ 𝐻𝐻0. 
 
  

𝐸𝐸 = 𝑡𝑡𝛼𝛼/2 ⋅ ඨ
 
 
 
                           

New 

          
𝑛𝑛1

+           
𝑛𝑛2

 

We are ____ % confident that the true difference in mean resting heart rate in 
males and females is between ______ & ______. Because this  
[ DOES | DOES NOT ] include 0, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0: 𝜇𝜇1 = 𝜇𝜇2. 
There is [ ENOUGH | NOT ENOUGH ] evidence that there is a difference… 

1) Verify samples are  ☐ 
independent AND random  

Normal 𝑶𝑶𝑶𝑶   ☐ 

2) Find critical value: 𝑡𝑡𝛼𝛼/2 

3) Point Estimate: 𝑥𝑥ҧ1 − 𝑥𝑥ҧ2 

4) Margin of Error: 𝐸𝐸 

5) Find upper & lower bounds 

൫ሺ𝑥𝑥ҧ1 − 𝑥𝑥ҧ2ሻ − 𝐸𝐸, ሺ𝑥𝑥ҧ1 − 𝑥𝑥ҧ2ሻ + 𝐸𝐸൯ 

HOW TO: Make a Confidence 
Interval for 𝝁𝝁𝟏𝟏 − 𝝁𝝁𝟐𝟐 

𝑛𝑛1 > 30 
𝑛𝑛2 > 30

𝑑𝑑𝑑𝑑 = min ൜𝑛𝑛1 − 1
𝑛𝑛2 − 1ൠ 

Recall 

Mean Resting Heart Rate 
Group Sample 

Size ሺ𝒏𝒏ሻ 
Sample 

Mean ሺ�̅�𝒙ሻ
Sample Std 

Dev ሺ𝒔𝒔ሻ 
Males 10 70.2 BPM 5.8 BPM 

Females 11 81.4 BPM 6.4 BPM 
 

EXAMPLE 

In a study on the effectiveness of a new blood pressure medication, the sample 
mean difference in 37 patients’ blood pressure before and 15 days after taking 
the medication was 3.2 with a standard deviation of 6.7. Make a 90% confidence 
interval for the mean difference in blood pressure. What does this result 
suggest about the claim that there is no difference after taking the medication? 

TOPIC: TWO MEANS – MATCHED PAIRS (DEPENDENT SAMPLES) 

Matched Pairs: Confidence Intervals 

◆ To make a confidence interval for 𝜇𝜇𝑑𝑑 use point estimator 𝑑𝑑ҧ and margin of error: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

𝐸𝐸 = 𝑡𝑡𝛼𝛼/2 ⋅       
ξ𝑛𝑛

 
New 

1) Verify samples are: 
Matched Pairs AND Random ☐ 

Normal 𝑶𝑶𝑶𝑶 𝑛𝑛 > 30   ☐ 

2) Find critical value: 𝑡𝑡𝛼𝛼/2 

3) Point Estimate: 𝑑𝑑ҧ  
4) Margin of Error: 𝐸𝐸 = 𝑡𝑡𝛼𝛼/2 ⋅ 𝑠𝑠𝑑𝑑

ξ𝑛𝑛 

5) Find upper & lower bounds 

൫𝑑𝑑ҧ  − 𝐸𝐸, 𝑑𝑑ҧ + 𝐸𝐸൯ 

HOW TO: Make a Confidence 
Interval for 𝝁𝝁𝒅𝒅 (Matched Pairs) 

We are ____ % confident that the true difference in blood pressure before 
and after the medication is between ______ & ______. Because this  
[ DOES | DOES NOT ] include 0, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0: 𝜇𝜇𝑑𝑑 = 0. 
There is [ ENOUGH | NOT ENOUGH ] evidence that there is a difference… 

EXAMPLE 

In a study on the effectiveness of a new blood pressure medication, the sample 
mean difference in 37 patients’ blood pressure before and 15 days after taking 
the medication was 3.2 with a standard deviation of 6.7. Make a 90% confidence 
interval for the mean difference in blood pressure. What does this result 
suggest about the claim that there is no difference after taking the medication? 

TOPIC: TWO MEANS – MATCHED PAIRS (DEPENDENT SAMPLES) 

Matched Pairs: Confidence Intervals 

◆ To make a confidence interval for 𝜇𝜇𝑑𝑑 use point estimator 𝑑𝑑ҧ and margin of error: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

𝐸𝐸 = 𝑡𝑡𝛼𝛼/2 ⋅       
ξ𝑛𝑛

 
New 

1) Verify samples are: 
Matched Pairs AND Random ☐ 

Normal 𝑶𝑶𝑶𝑶 𝑛𝑛 > 30   ☐ 

2) Find critical value: 𝑡𝑡𝛼𝛼/2 

3) Point Estimate: 𝑑𝑑ҧ  
4) Margin of Error: 𝐸𝐸 = 𝑡𝑡𝛼𝛼/2 ⋅ 𝑠𝑠𝑑𝑑

ξ𝑛𝑛 

5) Find upper & lower bounds 

൫𝑑𝑑ҧ  − 𝐸𝐸, 𝑑𝑑ҧ + 𝐸𝐸൯ 

HOW TO: Make a Confidence 
Interval for 𝝁𝝁𝒅𝒅 (Matched Pairs) 

We are ____ % confident that the true difference in blood pressure before 
and after the medication is between ______ & ______. Because this  
[ DOES | DOES NOT ] include 0, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0: 𝜇𝜇𝑑𝑑 = 0. 
There is [ ENOUGH | NOT ENOUGH ] evidence that there is a difference… 

New

EXAMPLE 

In a study on the effectiveness of a new blood pressure medication, the sample 
mean difference in 37 patients’ blood pressure before and 15 days after taking 
the medication was 3.2 with a standard deviation of 6.7. Make a 90% confidence 
interval for the mean difference in blood pressure. What does this result 
suggest about the claim that there is no difference after taking the medication? 

TOPIC: TWO MEANS – MATCHED PAIRS (DEPENDENT SAMPLES) 

Matched Pairs: Confidence Intervals 

◆ To make a confidence interval for 𝜇𝜇𝑑𝑑 use point estimator 𝑑𝑑ҧ and margin of error: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

𝐸𝐸 = 𝑡𝑡𝛼𝛼/2 ⋅       
ξ𝑛𝑛

 
New 

1) Verify samples are: 
Matched Pairs AND Random ☐ 

Normal 𝑶𝑶𝑶𝑶 𝑛𝑛 > 30   ☐ 

2) Find critical value: 𝑡𝑡𝛼𝛼/2 

3) Point Estimate: 𝑑𝑑ҧ  
4) Margin of Error: 𝐸𝐸 = 𝑡𝑡𝛼𝛼/2 ⋅ 𝑠𝑠𝑑𝑑

ξ𝑛𝑛 

5) Find upper & lower bounds 

൫𝑑𝑑ҧ  − 𝐸𝐸, 𝑑𝑑ҧ + 𝐸𝐸൯ 

HOW TO: Make a Confidence 
Interval for 𝝁𝝁𝒅𝒅 (Matched Pairs) 

We are ____ % confident that the true difference in blood pressure before 
and after the medication is between ______ & ______. Because this  
[ DOES | DOES NOT ] include 0, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0: 𝜇𝜇𝑑𝑑 = 0. 
There is [ ENOUGH | NOT ENOUGH ] evidence that there is a difference… 

EXAMPLE 

In a study on the effectiveness of a new blood pressure medication, the sample 
mean difference in 37 patients’ blood pressure before and 15 days after taking 
the medication was 3.2 with a standard deviation of 6.7. Make a 90% confidence 
interval for the mean difference in blood pressure. What does this result 
suggest about the claim that there is no difference after taking the medication? 

TOPIC: TWO MEANS – MATCHED PAIRS (DEPENDENT SAMPLES) 

Matched Pairs: Confidence Intervals 

◆ To make a confidence interval for 𝜇𝜇𝑑𝑑 use point estimator 𝑑𝑑ҧ and margin of error: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

𝐸𝐸 = 𝑡𝑡𝛼𝛼/2 ⋅       
ξ𝑛𝑛

 
New 

1) Verify samples are: 
Matched Pairs AND Random ☐ 

Normal 𝑶𝑶𝑶𝑶 𝑛𝑛 > 30   ☐ 

2) Find critical value: 𝑡𝑡𝛼𝛼/2 

3) Point Estimate: 𝑑𝑑ҧ  
4) Margin of Error: 𝐸𝐸 = 𝑡𝑡𝛼𝛼/2 ⋅ 𝑠𝑠𝑑𝑑

ξ𝑛𝑛 

5) Find upper & lower bounds 

൫𝑑𝑑ҧ  − 𝐸𝐸, 𝑑𝑑ҧ + 𝐸𝐸൯ 

HOW TO: Make a Confidence 
Interval for 𝝁𝝁𝒅𝒅 (Matched Pairs) 

We are ____ % confident that the true difference in blood pressure before 
and after the medication is between ______ & ______. Because this  
[ DOES | DOES NOT ] include 0, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0: 𝜇𝜇𝑑𝑑 = 0. 
There is [ ENOUGH | NOT ENOUGH ] evidence that there is a difference… 

 
 

EXAMPLE If 𝑦𝑦 = 𝑥𝑥3 and 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 2, find 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑  when 𝑥𝑥 = 4. 

   

    Implicit Diff.      Related Rates Recall New 

 
Intro to Related Rates 

◆ When 2+ related variables are changing w/ time, we use ______-derivatives to see how one affects another.   

● To take the time derivative of EVERY term, use implicit differentiation.  

 

 

   
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Take  
       on both sides using implicit diff. 

2) Isolate the target rate of change 

3) Plug in known values/rates & solve 

  

HOW TO: Solve Related Rates 𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝑦𝑦2 + 5𝑥𝑥 = 𝑥𝑥3) 

2𝑦𝑦 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 + 5 = 3𝑥𝑥2 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅   

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 3𝑥𝑥2 − 5

2𝑦𝑦  

𝑦𝑦 = 𝑥𝑥3 
 

Point estimate:

EXAMPLE 

In a study on the effectiveness of a new blood pressure medication, the sample 
mean difference in 37 patients’ blood pressure before and 15 days after taking 
the medication was 3.2 with a standard deviation of 6.7. Make a 90% confidence 
interval for the mean difference in blood pressure. What does this result 
suggest about the claim that there is no difference after taking the medication? 

TOPIC: TWO MEANS – MATCHED PAIRS (DEPENDENT SAMPLES) 

Matched Pairs: Confidence Intervals 

◆ To make a confidence interval for 𝜇𝜇𝑑𝑑 use point estimator 𝑑𝑑ҧ and margin of error: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

𝐸𝐸 = 𝑡𝑡𝛼𝛼/2 ⋅       
ξ𝑛𝑛

 
New 

1) Verify samples are: 
Matched Pairs AND Random ☐ 

Normal 𝑶𝑶𝑶𝑶 𝑛𝑛 > 30   ☐ 

2) Find critical value: 𝑡𝑡𝛼𝛼/2 

3) Point Estimate: 𝑑𝑑ҧ  
4) Margin of Error: 𝐸𝐸 = 𝑡𝑡𝛼𝛼/2 ⋅ 𝑠𝑠𝑑𝑑

ξ𝑛𝑛 

5) Find upper & lower bounds 

൫𝑑𝑑ҧ  − 𝐸𝐸, 𝑑𝑑ҧ + 𝐸𝐸൯ 

HOW TO: Make a Confidence 
Interval for 𝝁𝝁𝒅𝒅 (Matched Pairs) 

We are ____ % confident that the true difference in blood pressure before 
and after the medication is between ______ & ______. Because this  
[ DOES | DOES NOT ] include 0, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0: 𝜇𝜇𝑑𝑑 = 0. 
There is [ ENOUGH | NOT ENOUGH ] evidence that there is a difference… 

EXAMPLE A cylindrical tank of radius 4 𝑓𝑓𝑓𝑓 and a height of 12 𝑓𝑓𝑓𝑓 is 8 𝑓𝑓𝑓𝑓 full of oil that weighs 57 𝑙𝑙𝑙𝑙/𝑓𝑓𝑓𝑓3 .  
Set up the integral to find the work required to pump the oil to the top of the tank.  

 
Pumping Liquids 
◆ Recall: Work done by lifting an object relies on its weight and the distance it is lifted.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
◆ The cross-sectional area function will change depending on the shape of the tank. 
 

 

Pumping Liquids New 

(final height) 

𝑊𝑊 = ∫ (𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 ∗ 𝒂𝒂𝒂𝒂𝒅𝒅𝒂𝒂 ∗ 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒂𝒂𝒅𝒅𝒅𝒅𝒅𝒅) 𝑑𝑑𝑑𝑑
𝑏𝑏

𝑎𝑎
 

(𝑓𝑓𝑓𝑓) 

(𝑓𝑓𝑓𝑓) 

𝑊𝑊 = ∫ 𝐹𝐹(𝑥𝑥) 𝑑𝑑𝑥𝑥
𝑏𝑏

𝑎𝑎
 

Recall 

Density: 

Area: 

Distance: 

 
 
 

𝑊𝑊 = ∫ _________________________________  𝑑𝑑𝑑𝑑
____

____
 

1) Sketch picture of tank/liquid 

2) Find density of the liquid: 

    if in 𝑙𝑙𝑙𝑙/𝑓𝑓𝑓𝑓3, plug in directly  

    if in 𝑘𝑘𝑘𝑘/𝑚𝑚3, multiply by ______ first 

3) Find area of cross-section (fcn w.r.t. 𝑑𝑑) 

4) Find distance fcn:  ______ − 𝑑𝑑 

5) Determine bounds: 

    lower = bottom of tank (usually ___ )  

    upper = top layer of liquid  

6) Integrate w.r.t. 𝑑𝑑 

HOW TO: Solve Pumping Problems 

(tank top) 

(liquid level) 

(bottom) 

(radius) 

Margin of Error:

EXAMPLE 

In a study on the effectiveness of a new blood pressure medication, the sample 
mean difference in 37 patients’ blood pressure before and 15 days after taking 
the medication was 3.2 with a standard deviation of 6.7. Make a 90% confidence 
interval for the mean difference in blood pressure. What does this result 
suggest about the claim that there is no difference after taking the medication? 

TOPIC: TWO MEANS – MATCHED PAIRS (DEPENDENT SAMPLES) 

Matched Pairs: Confidence Intervals 

◆ To make a confidence interval for 𝜇𝜇𝑑𝑑 use point estimator 𝑑𝑑ҧ and margin of error: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

𝐸𝐸 = 𝑡𝑡𝛼𝛼/2 ⋅       
ξ𝑛𝑛

 
New 

1) Verify samples are: 
Matched Pairs AND Random ☐ 

Normal 𝑶𝑶𝑶𝑶 𝑛𝑛 > 30   ☐ 

2) Find critical value: 𝑡𝑡𝛼𝛼/2 

3) Point Estimate: 𝑑𝑑ҧ  
4) Margin of Error: 𝐸𝐸 = 𝑡𝑡𝛼𝛼/2 ⋅ 𝑠𝑠𝑑𝑑

ξ𝑛𝑛 

5) Find upper & lower bounds 

൫𝑑𝑑ҧ  − 𝐸𝐸, 𝑑𝑑ҧ + 𝐸𝐸൯ 

HOW TO: Make a Confidence 
Interval for 𝝁𝝁𝒅𝒅 (Matched Pairs) 

We are ____ % confident that the true difference in blood pressure before 
and after the medication is between ______ & ______. Because this  
[ DOES | DOES NOT ] include 0, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0: 𝜇𝜇𝑑𝑑 = 0. 
There is [ ENOUGH | NOT ENOUGH ] evidence that there is a difference… 

EXAMPLE A cylindrical tank of radius 4 𝑓𝑓𝑓𝑓 and a height of 12 𝑓𝑓𝑓𝑓 is 8 𝑓𝑓𝑓𝑓 full of oil that weighs 57 𝑙𝑙𝑙𝑙/𝑓𝑓𝑓𝑓3 .  
Set up the integral to find the work required to pump the oil to the top of the tank.  

 
Pumping Liquids 
◆ Recall: Work done by lifting an object relies on its weight and the distance it is lifted.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
◆ The cross-sectional area function will change depending on the shape of the tank. 
 

 

Pumping Liquids New 

(final height) 

𝑊𝑊 = ∫ (𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 ∗ 𝒂𝒂𝒂𝒂𝒅𝒅𝒂𝒂 ∗ 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒂𝒂𝒅𝒅𝒅𝒅𝒅𝒅) 𝑑𝑑𝑑𝑑
𝑏𝑏

𝑎𝑎
 

(𝑓𝑓𝑓𝑓) 

(𝑓𝑓𝑓𝑓) 

𝑊𝑊 = ∫ 𝐹𝐹(𝑥𝑥) 𝑑𝑑𝑥𝑥
𝑏𝑏

𝑎𝑎
 

Recall 

Density: 

Area: 

Distance: 

 
 
 

𝑊𝑊 = ∫ _________________________________  𝑑𝑑𝑑𝑑
____

____
 

1) Sketch picture of tank/liquid 

2) Find density of the liquid: 

    if in 𝑙𝑙𝑙𝑙/𝑓𝑓𝑓𝑓3, plug in directly  

    if in 𝑘𝑘𝑘𝑘/𝑚𝑚3, multiply by ______ first 

3) Find area of cross-section (fcn w.r.t. 𝑑𝑑) 

4) Find distance fcn:  ______ − 𝑑𝑑 

5) Determine bounds: 

    lower = bottom of tank (usually ___ )  

    upper = top layer of liquid  

6) Integrate w.r.t. 𝑑𝑑 

HOW TO: Solve Pumping Problems 

(tank top) 

(liquid level) 

(bottom) 

(radius) Find upper & lower bounds

EXAMPLE 

In a study on the effectiveness of a new blood pressure medication, the sample 
mean difference in 37 patients’ blood pressure before and 15 days after taking 
the medication was 3.2 with a standard deviation of 6.7. Make a 90% confidence 
interval for the mean difference in blood pressure. What does this result 
suggest about the claim that there is no difference after taking the medication? 

TOPIC: TWO MEANS – MATCHED PAIRS (DEPENDENT SAMPLES) 

Matched Pairs: Confidence Intervals 

◆ To make a confidence interval for 𝜇𝜇𝑑𝑑 use point estimator 𝑑𝑑ҧ and margin of error: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

𝐸𝐸 = 𝑡𝑡𝛼𝛼/2 ⋅       
ξ𝑛𝑛

 
New 

1) Verify samples are: 
Matched Pairs AND Random ☐ 

Normal 𝑶𝑶𝑶𝑶 𝑛𝑛 > 30   ☐ 

2) Find critical value: 𝑡𝑡𝛼𝛼/2 

3) Point Estimate: 𝑑𝑑ҧ  
4) Margin of Error: 𝐸𝐸 = 𝑡𝑡𝛼𝛼/2 ⋅ 𝑠𝑠𝑑𝑑

ξ𝑛𝑛 

5) Find upper & lower bounds 

൫𝑑𝑑ҧ  − 𝐸𝐸, 𝑑𝑑ҧ + 𝐸𝐸൯ 

HOW TO: Make a Confidence 
Interval for 𝝁𝝁𝒅𝒅 (Matched Pairs) 

We are ____ % confident that the true difference in blood pressure before 
and after the medication is between ______ & ______. Because this  
[ DOES | DOES NOT ] include 0, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0: 𝜇𝜇𝑑𝑑 = 0. 
There is [ ENOUGH | NOT ENOUGH ] evidence that there is a difference… 

EXAMPLE 

In a study on the effectiveness of a new blood pressure medication, the sample 
mean difference in 37 patients’ blood pressure before and 15 days after taking 
the medication was 3.2 with a standard deviation of 6.7. Make a 90% confidence 
interval for the mean difference in blood pressure. What does this result 
suggest about the claim that there is no difference after taking the medication? 

TOPIC: TWO MEANS – MATCHED PAIRS (DEPENDENT SAMPLES) 

Matched Pairs: Confidence Intervals 

◆ To make a confidence interval for 𝜇𝜇𝑑𝑑 use point estimator 𝑑𝑑ҧ and margin of error: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

𝐸𝐸 = 𝑡𝑡𝛼𝛼/2 ⋅       
ξ𝑛𝑛

 
New 

1) Verify samples are: 
Matched Pairs AND Random ☐ 

Normal 𝑶𝑶𝑶𝑶 𝑛𝑛 > 30   ☐ 

2) Find critical value: 𝑡𝑡𝛼𝛼/2 

3) Point Estimate: 𝑑𝑑ҧ  
4) Margin of Error: 𝐸𝐸 = 𝑡𝑡𝛼𝛼/2 ⋅ 𝑠𝑠𝑑𝑑

ξ𝑛𝑛 

5) Find upper & lower bounds 

൫𝑑𝑑ҧ  − 𝐸𝐸, 𝑑𝑑ҧ + 𝐸𝐸൯ 

HOW TO: Make a Confidence 
Interval for 𝝁𝝁𝒅𝒅 (Matched Pairs) 

We are ____ % confident that the true difference in blood pressure before 
and after the medication is between ______ & ______. Because this  
[ DOES | DOES NOT ] include 0, we [ REJECT | FAIL TO REJECT ] 𝐻𝐻0: 𝜇𝜇𝑑𝑑 = 0. 
There is [ ENOUGH | NOT ENOUGH ] evidence that there is a difference… 



TOPIC: TWO MEANS – MATCHED PAIRS (DEPENDENT SAMPLES)

PRACTICE

Construct a 95% confidence interval for the mean difference of the population given the following information. Would you 

reject or fail to reject the claim that there is no difference in the mean?

TOPIC: TWO MEANS – MATCHED PAIRS (DEPENDENT SAMPLES) 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

PRACTICE 
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𝑑𝑑ҧ = −0.728 
𝑠𝑠𝑑𝑑 = 1.34 
𝑛𝑛 = 10 
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